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ABSTRACT. We review what is known about power operations for height 2 Morava E-theory,
and carry out some sample calculations.
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1. INTRODUCTION
2. DRAMATIS PERSONAE

In this section, we give an minimal overview of definitions and results which lead to the
promised calculations. We hope enough detail is given to convey the global structure of
the ideas; we refer to other papers or later sections (if they’ve been written yet) for more
information.

2.1. Commutative ring spectra and Morava F-theory. We use a convenient category
of structured commutative ring spectra; the category of [EKMMO97] is appropriate, although
the particular choice of model will not play an important role in the statement of results.

Fix a formal group Gq over a perfect field k£ of characteristic p, which is of finite height h,
and let F = Eg,/;, denote the associated Morava E-theory spectrum. By the theorem of
Hopkins-Miller, E this has an essentially unique structure as a commutative S-algebra, and
we fix such a structure [GHO4].

Date: September 13, 2013.
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Let R denote the homotopy theory of K(h)-local commutative E-algebras, where
K (h) is the Morava K-theory of height h at the prime p. We can take this homotopy theory
to be the EKMM model category of commutative F-algebras equipped with a suitable model
category structure, where we say a map f: R — R is a weak equivalence if it induces
an isomorphism in K (h)-homology. Let M denote the homotopy theory of K(h)-local
E-modules.

We write m, M for the the graded homotopy groups of an E-module or commutative
FE-algebra; it is naturally a graded E, = m,F-module. It turns out to be convenient for our
purposes to package these homotopy groups as Z/2-graded objects, rather than Z-graded
objects; we can get away with this because E is even periodic. (The reader should probably
ignore the distinction between Z and Z/2-grading for now. See §5.9 for discussion of the
Z/2-grading.) The category of Z/2-graded E,-modules is denoted Modpg, .

Let R denote the homotopy theory of augmented K (h)-local commutative FE-
algebras. We can take this to be the slice model category over F of the EKMM category of
commutative E-algebras, with K (h).-homology weak equivalences.

We are interested in computing the homotopy groups of derived mapping spaces ﬁE(R, F)
between two K (h)-local augmented commutative E-algebras R and F. To do this, we need to
understand the algebraic structure inherited by the the homotopy groups of an object of 7/€E

2.2. I'-modules and I'-rings. The homotopy groups 7, R of an object R of R carry quite a
bit of structure.

(1) m R is a strongly graded commutative F,-algebra; “strongly graded commuta-
tive” means that elements in odd degree anticommute and square to zero.

(2) The E,-module 7R carries the structure of a Z/2-graded I'-module.

(3) The category Mod}. of Z/2-graded I'-modules is actually a tensor category (compatibly
with the underlying tensor product on E,-modules), and multiplication 7, RQ g, T, R —
7R is a morphism in Mod}.. That is, m,R is a Z/2-graded I'-ring.

See §§5.1-5.9 for more detail.

The I'-module structure on 7, R encodes the action of “power operations” on the homotopy
groups. The structure of I'-modules is determined by the theory of deformations of subgroups
of the formal group Gy/k. The category Modf. will be the main subject of much of this paper,
notably §§3-4 and §7; the special cases of heights 1 and 2 are discussed in §8 and §9.

2.3. T-algebras. We continue the discussion of structure on the homotopy groups of an
object R of R.

(4) The I'-ring 7, R satisfies the Frobenius congruence. In short, for a I-ring B in
there is a naturally defined F,-module map can,: B — B/pB (which relates to the
“canonical subgroup” of a formal group in characteristic p). The Frobenius congruence
for B asserts that for every element x € B in even degree, we have

can,(x) =2 mod pB.
(See §4.2.)

The Frobenius congruence on m, R is “witnessed” by a natural non-additive operation on
moR. The paradigm for this is the case of p-adic K-theory, whose homotopy groups are a
“f-ring” [Bou96]. That is, the homotopy groups of a K (1)-local commutative K-algebra R
admit a natural ring map ¥?: myR — 7, and a natural operation 6”: myR — my R, such that

¢
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YP(x) = 2P + pOP(x). We can think of #7(x) as “witnessing” the congruence ¢?(z) = z?
mod p.

In the general setting, there is a monad T on Modg,, so that T-algebras are I'-rings
equipped with a “witness of the Frobenius congruence”. In particular, the above points
(1)—(4) are subsumed in the following.

(5) For R in 7%, 7R is naturally equipped with the structure of a T-algebra.

We write T for the category of T-algebras; thus, homotopy is a functor 7, : hR — T. Tt is
not easy to give an entirely self-contained description of the category of T-algebras. However,
we have the following congruence criterion, which lets us understand T-algebras which
are p-torsion free.

2.4. Theorem ([Rez09, Theorem Al). If B is a Z/2-graded I'-ring which is p-torsion free as
an abelian group, then B admits the structure of a T-algebra if and only if B satisfies the
Frobenius congruence. If such a T-algebra structure exists, it is unique.

See §5.11 for more on T-algebras, which were introduced in [Rez09].

2.5. Analytic completion. Recall that moF ~ Wk[uy, ..., up_1]. Let m = (p,uq, ..., up1) C
moE be the maximal ideal, and consider m-adic completion M +— M}, which is a functor
Modg, — Modg,. This completion functor is not right exact, but admits a natural best
approximation by a right exact functor A: Modg, — Modg,, which comes with natural
comparison maps M — A(M) — M. The functor A is often called Lo, as it is in fact the
Oth left-derived functor of analytic completion. The properties of this functor have been
studied in [GM92] and [HS99, App. A].

There is an equivalent and more elementary description of the functor A, which is sometimes
useful to know. Namely, for an F,-module M, we have

A(M) ~ M[[$0, Ce ,.Cljh_l]]/(xo — P, 1 —Ury...,Th—1 — uh_l)M[[xo, Ce ,.Ih_l]].

Here M[zo,...,x,_1] represents the set of formal power series with coefficients in the
module M; it is naturally a module over E, [z, ..., z,_1]. The canonical coaugmentation
n: M — A(M) is the map induced by inclusion of constant power series.

For this reason, we like to refer to A: Modg, — Modg, as the analytic completion
functor, and we say that M is analytically complete (or just analytic) if the map
n: M — A(M) is an isomorphism. We note that any m-adically complete module is
analytically complete, but not conversely [HS99, Thm. A.6]; however, the natural comparison
map A(M) — M/ is often an isomorphism, in particular when M is flat [HS99, Thm. A.2
(b)]. An exposition of the properties of A from this power series point of view is given in
[Rez13]; however, most of what we need can be found in [HS99, App. A] where what we call
“analytic completion” is there called “L-completion”.

An E-module spectrum M is K (h)-local if and only if m, M is analytically complete (77?).
In particular, for any object R of ﬁ, the object 7, R is analytically complete.

By a result of [BF13], the analytic completion functor lifts to the category 7. That is,
there is a functor Ar: 7 — 7 which on underlying F,-modules coincides with A; we usually
just write A for the lifted functor. We’ll say that an object of T is analytically complete
if its underlying F,-algebra is.

Say that an F,-module M is tame if the higher left derived functors of analytic completion
vanish on it, i.e., if L;A(M) = 0 for j > 1. (Note that the L;A coincide with the higher
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derived functors of m-adic completion, denoted L; in [HS99].) We say that a T-algebra
is tame if its underlying E,-module is tame. We note that projective modules are tame
[HS99, Thm. A.2 (b)], and also that analytically complete modules are tame [HS99, Thm.
A6 (b)].

2.6. Cohomology of augmented T-algebras. Let Tz, denote the slice category of T over
E, = m E. That is, an object B of Tg, is a T-algebra equipped with a T-algebra map

B — E,. It is clear that taking homotopy groups defines a functor m,: Rp — Te,. (In

fact, the image of this functor is contained in Tg, C Tg,, the full subcategory of analytically
complete objects.)

Let ab T, denote the category of abelian group objects in 7Tg,. There is a pair of adjoint
functors

Q: Tp, = abTg, : T,
where the right adjoint J is a fully faithful functor, identifying ab 7z, with the full subcategory
of Tg, consisting of objects ¢: B — F, such that B = 0, where B = Ker ¢ is the augmentation
ideal. We will typically represent objects in ab T, by their augmentation ideals, and write
E, x M for J(M) above. The left adjoint @ is the indecomposable quotient functor

= =2
Q(B)=B/B".
We can define a Quillen-type cohomology theory for objects of Tg,, denoted
HZ/EE* (B7 N)’

where B is in Tg, and N is in ab Tg,. It may be defined as the set of (derived) homotopy
classes of maps B — K(N,n) for the category s7g, of simplicial objects in Tg,, equipped
with a suitable model category structure.

2.7. Mapping space spectral sequence. Now we can describe the main spectral sequence.

2.8. Proposition. Let R and F' be K(h)-local augmented commutative E-algebras. There is
a conditionally convergent spectral sequence of the form

By' = 1, JRu(R,F),
with

pot _ ) Te (MR, m ) if (s,t) = (0,0),
2 Hy, (mR,mQF)  otherwise.

2.9. Composite functor spectral sequence. To compute the cohomology of T-algebras in
our setting, we can use a composite functor type spectral sequence. Like T, the category ab 7Tz,
of abelian group objects admits a lift of the analytic completion functor, which coincides with
the usual one on underlying F,-modules. Thus, we may define @ =AQ: abTg, — abTg,,
the analytic completion of indecomposables.

2.10. Proposition. Let B be an object of Tg,, and let N be an object of abTg, whose
underlying E,-module is analytically complete. Then there is a spectral sequence of the form

By =EBxtl,r, (L;Q(B),N) = HZ’/(B,N).
Here Lj@ are left derived functors of @

In certain situations, we can identify Lj@ o A with Ao L;Q.
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2.11. Proposition. Let B be a tame object of T, , such that the L;Q(B) are also tame. Then

L,Q(A(B)) ~ A(L;Q(B)).

2.12. Computing with abelian group objects. The category ab 7z, of abelian group
objects is in fact equivalent to the category Modf. However, this equivalence does not
manifest itself in the most obvious way. There is a pair of functors

Mod;. S5 ab Te. & Mods.

The functor U is the “obvious” one, which associates to an abelian group object N its
underlying augmentation ideal, which is naturally a I'-module. This functor i is not an
equivalence of categories. However, the functor S ¢s an equivalence of categories, and
furthermore there is a natural isomorphism of Z/2-graded I'-modules

US(M) =~ w'? @ M.
Here we write t
w'’? = Ker[r, B+ — m,F)|
for the underlying Z/2-graded T-module of the augmentation ideal of ES%, the E-cochains of
the t-sphere, for ¢t > 0.
Thus we have an isomorphism

Extly 7, (M, N) & Exthgoq: (S~ (M), S (V).

In practice, it often seems more convenient to write these sorts of things in terms of the
underlying I'-modules of M and N. To do this, we note that if M is a p-torsion free object of
ab Tz, , then there exists an essentially unique object M’ of Mod;. such that w'/2@ M’ ~ U(M)
as I-modules. We will typically write “w™'/?2 @ M” for this object M’ when it exists — an
abuse of notation, since w'/? is not an invertible object in Modf. Thus, if M and N are
p-torsion free objects, we have an isomorphism

Extly, 7, (M, N) & Extijoq (w2 @ M,w™? @ N).

Furthermore, if M and N happen to also be concentrated in even degrees, then we can
“remove” another w'/? in the same way, and we get an isomorphism

Ext;bTE* (M,N) ~ Extf\/[OdF (w®M,w!®N).

2.13. Example 1. Let R = BT where 2m — 1 is an odd positive integer, and let
F = E x Q'FE, the “square-zero extension” of E by Q'E, where t € Z. Then

mRe(ESF" " E x VE) ~ m,F(TAQ ™ ((Skw)** ), E),
the E-cohomology of the K(h)-localized topological André-Quillen homology of the spectrum
of Sk-valued cochains on the sphere. Behrens-Rezk identify these groups with m(E A
®,5%™ 1) ¢ (ny. The space ﬁE(ESim_l, E x Q'E) is an infinite loop space.
The underlying I'-module of Ker(m,(F x Q'E) — 7, F) is isomorphic to w"? ® nul, where
nul is a certain I'-module whose underlying F,-module is isomorpic to E,, but which has
“trivial” I'-module structure.

We have that B = W*ES-Q%Wl is a free strongly graded commutative E,-algebra on one
generator, whence L;Q(B) ~ 0 for j > 1, and Q(B) itself has underlying I'-module UQ(B) ~

t/2
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wm=1/2 " As the objects in question are analytically complete, they are tame, so we have a

similar result for L]-@(B). Thus the composite functor spectral sequence collapses to give
H*(m R, mQ'F) ~ Extly 7, (w®™ /2 w2 @ nul)
~ Ext}oar (W™, w12 @ nul).

For the cases of heights h = 1 and 2, we will show (by explicit calculation) that these groups
vanish except when s = h. Thus the resulting mapping space spectal sequence also collapses
to give, for h =1

WOﬁE(ESim_I, ExOE) ~ Extiﬂod; (W™, w? @ nul)

N Ey/p™'Ey if t even,
o if ¢ odd.
For h = 2, we get

2m—1

mRE(E% E % Q'E) ~ Ext}jq (W™, w2 @ nul)

5 {Al /(s(Ag) + B™ LA if ¢ odd,

0 if ¢ even.

The object B, = A;/(s(Ag) + 0™ 1A;) is a certain Ey-module, for which the reader will
need to read ahead to understand. We note here that P, = 0, and that P, ~ (Ey/pFE,)®®—1),
while in general P, is isomorphic to some complicated quotient of (Ey/p™ ' Ey)®®—1),

2.14. Example 2. Let R = X%, and let I' = F x . Then
Re((EASTZ)kny, E x E) ~ (Comm S-alg)(SX7Z, E).

This space is an H-space, using the evident coproduct on X°Z. In fact, it is an infinite loop
space; it is equivalent to the function spectrum F(HZ,gl, E).

We have that B = m,R is the analytic completion of a Laurent polynomial algebra:
B ~ AB', where B’ = E,[t,t"!]. This algebra is smooth, so L;Q(B’) ~ 0 for j > 1 and
Q(B') =~ det, where det is a certain I'-module whose underlying E,-module is E,. We
conclude that Lj@(B) ~ 0 for j > 1 and Q(B) ~ det.

The underlying I'-module of 7, Q!F is w'/?.

The composite functor spectral sequence thus degenerates to give

H7, (TR, Q' F) ~ Ext?, 75, (det, w'/?)

) ExtRioqn (0t @ det, w271 i ¢ s even,
0 if ¢ is odd.

Assume now that Gy/k where k = Fp, the algebraic closure of IF,,. For the cases of heights
h =1 and 2, we will show (by explicit calculation) that these Ext-groups vanish except when
s =h—1 and t = 2h, in which case

Extyoqe (W™ ® det, w"™) = Z,
for h = 1,2. Also, in either case (11.7) we have that
T, (7R, 7. F) = T(m.R, 7, E) ~ F,

p -
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Thus, for height 1, the resulting mapping space spectral sequence collapses to give
(

F: if n =0,
7, (Comm S alg)(XTZ, B) =~ { Z, ifn=2,
0 otherwise.
For height 2, we get
(F: if n =0,
7, (Comm S alg)(XTZ, E) =  Z, ifn=3,
(0 otherwise.

This proves a conjecture of Lurie in the case of height 2.

3. DEFORMATIONS

The theory of power operations for Morava E-theory is controlled by the deformation
theory of finite subgroups of its formal group Gy, which is the universal deformation of
a formal group Gy over a perfect field k. Any finite subgroup K < G of a deformation G
determines a quotient homomorphism f: G — G/K, and the quotient G/K is provided with
the structure of a deformation of GG via factorization of a power of the Frobenius isogeny
of GGy. In this section we review this deformation theory, which is a consequence of work of

Strickland.

3.1. The category of deformations. We recall the “deformation of Frobenius” graded
category scheme associated to a formal group, as described in [Rez09, §11]. In the following,
“formal groups” are assumed to be one-dimensional and commutative.

Fix a prime p, an integer h > 1, a perfect field k of characteristic p, and a formal group Gq
over k of height h.

If R is a ring of characteristic p, we write ¢: R — R for ¢(r) = r?. For each formal
group G over a ring R of characteristic p, the Frobenius isogeny Frob: G — ¢*G is the
homomorphism of formal groups induced by the relative Frobenius map on rings. We write
Frob”: G — (¢")*G for the homomorphism inductively defined by Frob” = ¢*(Frob” ') o Frob.

Given a complete local ring R, with maximal ideal m C R such that p € m, and quotient
map 7: R — R/m, we define a category Def(R) = Defg, /1 (R) as follows.

e Objects (G,i,«) are deformations of Gy to R. That is, G is a formal group over R,
i: k — R/m is an inclusion of fields, and a: 7*G — i*G is an isomorphism of formal
groups over R/m.

o Morphisms f: (G,i,a) — (G',i,a’) are deformations of a power of Frobenius. That
is, f: G — G" is a homomorphism of formal groups over R for which there exists an
r > 0 such that (i) i o " = ¢’ as maps k — R/m (so that (i 0 ¢")* Gy = (7')*Gp), and

(ii) the square
60— e
(3.2) ‘| &

i*GO _)FrobT (Z O (br)*Go

of homomorphisms of formal groups over R/m commutes.
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Every morphism of Def(R) is a deformation of Frob" for a unique r > 0, called the height
of the morphism. Let Def(R)? C Def(R) be the subcategory consisting of morphisms of
height 0, i.e., of isomorphisms between deformations.

3.3. Remark. There is an evident functor U: Defg,(R) — Isog(R) from the category of
deformations to the category of formal groups over R and isogenies, on objects sending
(G,i,a) — G. The functor U can be identified as the “Grothendieck construction” of a
functor Dg, /i : Isog(R) — Sets, as we now describe.

To each formal group G over R, let D¢, /x(G) be the set of pairs (4, ) such that (G, 4, ) is
a deformation of G to R. For an isogeny f: G — G’ of rank p", let Dg,/x(f): Dayu(G) —
D¢, /k(G') be the function that sends (i, a) — (i 0 ¢", /), where ¢ is the unique isomorphism
of formal groups making (3.2) commute. We can think of Dg,/x(G) as the set of “Go-
deformation structures” on the formal group GG, and we have just described how to “push
forward” a Gy-deformation structure along any isogeny. Now Defs, (R) is a category whose
objects are pairs (G, d), where d € Dg,/x(G), and whose morphisms (G,d) — (G',d’) are
isogenies f: G — G’ such that D¢, /x(f)(d) = d'.

3.4. Representability of the deformation category. By the deformation theory of Lubin-

Tate, for any two objects of Def(R)? there is at most one isomorphism between them. Thus,

it makes sense to form the quotient category Sub(R) o Def(R)/Def(R)°, by identifying

isomorphic objects. The quotient functor Def(R) — Sub(R) is an equivalence of categories,
and Sub(R) is a “gaunt” category, i.e., every morphism is an identity map. The notation
comes from the fact that there is a one-to-one correspondence

{ morphisms in Sub(R)

with source (G, i, @) } +— {finite subgroups of G},

which associates a morphism f: G — G’ with its kernel Ker f < G.
Let Sub"(R) denote the set of morphisms of height r in Sub(R), which correspond to
subgroups of degree p”.

3.5. Proposition (Lubin-Tate; Strickland). Let Go/k be of height h over a perfect field k.
For each v > 0, there exists a complete local ring A, which carries a universal height r
morphism fi .. (Gs,is,a5) = (G, i, 0n) € Sub”(A,). That is, the operation " +— g*(f")
defines a bijective correspondence from the set of local homomorphisms g: A, — R to the set
Sub”(R) of height r-morphisms in the category Sub(R). Furthermore, we have that:

(1) AO ~ ka[[al, R ,ah,l]].

(2) Under the map s: Ay — A, which classifies the source of the universal height r map,

A, is finite and free as an Ag-module.

Proof. For r = 0 this is the theory of Lubin and Tate [LT66]. For » > 0 this is a theorem of
Strickland [Str97]. O

Thus, Sub = [[Sub” is a “affine graded-category scheme”. In particular, there are ring
maps
S:Sk,t:tkl A0—>Ak, W= peg: Ak+g—>AkS®AotAg
classifying source, target, and composition of morphisms. Note that sg, to, oo, and g
are all isomorphisms (since Sub” consists entirely of identity maps), and that pos =1® s,
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pot=t®1, and (p®1)ou = (1®u)ou (because Sub is a category object). As a consequence,
4 is map of Ap-bimodules, which we represent with the notation
W tAk+€S — "A° ®A0tAzs-

3.6. Canonical subgroups. For any deformation (G, i, ) of Gg to a ring R of characteristic
p, there is for each r > 0 a morphism in Def"(R) of the form

Frob": (G,i,a) = ((¢")*G,io0 ¢, (¢")*(a)).
That is, Frobenius is a deformation of Frobenius. The kernel of Frob" is the canonical

subgroup of G of rank p".
The universal example of this map is classified by a ring homomorphism

can,: A, — Ao/(p),
which satisfies can, os = 7 and can, ot = ¢" o w, where 7: Ay — Ag/(p) denotes the evident
projection. We note that the further projection
A, Ag/(p) — Ag/m =k
is the map classifying Frob”: Gy — (¢")*Go.

4. I'-MODULES AND p-ISOGENY MODULES

In this section, we give two equivalent descriptions of a category of “quasi-coherent sheaves
over Defg, /1", called I'-modules and p-isogeny modules. This summarizes some of the material
discussed in [Rez09, §11].

4.1. The category of I'-modules. For a given height h formal group Go/k, we define a
category of I' = I'g, x-modules. A I'-module is an A-module M equipped with Ag-module
homomorphisms

Pk = Pk,MZ M — tAkS@)AO M
for k > 0, such that Py = id, and for all £, ¢ > 0 the square

P s
M—k )Ak ®A0M

Pk+[J/ lid RP,

A’ @a, M o A @4, Al @4 M

commutes. (In this definition, A;°® 4, M is made into an A-module via the ring homomorphism
t: Ay — Ag, hence our notation.) A morphism of I'-modules is a map M — N of Ag-modules
which commutes with the structure maps FPj.

Given two I'-modules M and N, their tensor product is the I'-module with underlying
Ap-module M ®4, N, and with structure map

Pki M®A0 N — Aks®Ao (M ®A0 N)
defined by

P(m®n) ¥ Za’b' @m" @n”, where Py(m) = Za' @m' and Py(n) = Zb’ @n”.
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This tensor product makes I'-modules into a symmetric monoidal category, with unit object
1 being Aj equipped with structure maps

Pk =1 AO — AkS(X)AO AD %Ak

We write Modr,, for the category of I'-modules for Gy/k, or simply Modr if the formal
group is clear.

4.2. T'-rings. A I'-ring is a commutative Agp-algebra B together with a I'-module structure
on B, so that multiplication B ® 4, B — B is a morphism of I'-modules. The initial I'-ring is
1=A,.

A I'-ideal in a I'-ring B is an ideal I C B which is also a I'-submodule of B; that is, for
all £k > 0 we have

Pu(I) C A’ @4, 1.

If I C Bis aI'-ideal, then B/I inherits the structure of a I-ring. In particular, pAy C Ay is
a I'-ideal, and thus Ag/(p) is a I'-ring (in a unique way). However, note that the maximal
ideal m C Ay is not a I'-ideal if h > 2.

A T'-ring B is said to satisfy the Frobenius congruence if the diagram

P

B A°®a, B

l lcan ®id

B/pB — = B/pB == (Ao/p) ©4, B
commutes.

4.3. The ring I' of operations. The associative ring I' is a graded ring I' ~ @ I'[k], where
['[k] = Hom 4, (°Ag, Ag) is the Ag-linear dual of A, (where Ay, is viewed as an Ag-module using
sx), and the ring structure of I' is induced by the maps p . The category comodules for
(A, s,t, 1) described above is isomorphic to the category of modules for the ring T'. Explicitly,
the isomorphism of categories is obtained by associating Pp: M — ‘A,°® 4, M with its adjoint
Lkl @4y M CT @4, M — M.

In fact, the structure of graded affine category scheme (A,, s, t, 1) makes I' into a twisted
commutative bialgebra, as described in [Rez09, §5]. We remind the reader that although I'
contains I'[0] = Ay as its degree 0 part, the subring Ay is not central in general.

In this paper, we will usually use the coalgebraic formulation of I'-modules as described
above, but will nonetheless call them “I’-modules”.

4.4. A remark on “handedness” conventions. In this paper, we are regarding coactions
as happening on the left, i.e., via maps M — A; ®4, M. For this reason, it seems most
convenient here to regard the adjoint action as also happening on the left, i.e., via maps
I'[k] ® 4, M — M. This is not necessarily the same convention used in other papers.

The only reason we need to talk about I' at all is so that we can quote the results of [Rez11],
which we will reinterpret in the language of coactions in §7. Our choice here is consistent
with [Rezl11], where I is also regarded as acting on the left.

In [Rez09], we used the same left coaction convention we have here. However, in that
paper, we regarded I' as acting on the right (so that properly speaking, what is here called T’
is the opposite of the I' in that paper).
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In [Rez12], we used conventions consistent with having coactions on the right, and actions
on the left, although neither actually appear explicitly. In particular, this means that the
description of I' ® Z/p (there simply called T') given in §4 of that paper, is consistent with
treatment of I' here.

The author finds this business somewhat confusing, and apologizes for any resulting
confusion in the reader.

4.5. p-isogeny modules over deformations. Here we briefly describe an equivalent for-
mulation of the notion of a I'-modules called p-isogeny modules , which will provide us with
convenient language for certain constructions. (These were described in [Rez09, §11.13] as
“quasi-coherent sheaves over Def”.)
Let Go/k be a height h formal group. A p-isogeny module over deformations of G, /k

is data M = {Mpg, M} consisting of

e for each complete local ring R, a contravariant functor M : Def(R)°® — Modpg from

the category of deformations of G/k to R, to the category of R-modules, and
e for each local homomorphism ¢g: R — R’, a natural isomorphism

M,: R ®p My —> Mg 0 g*: Def(R)™ — Modp.
where ¢*: Def(R) — Def(R') is the evident functor induced by base change along g.

We require that for R % R’ 2 R" that both ways of constructing a natural isomorphism
R"®r Mp — Mpy o My, o M, coincide (up to the evident coherence isomorphism), and that
Miq,, is the identity transformation. A morphism of p-isogeny modules M — N is a collection
of natural maps M, — N, commuting with all the structure.

It is straightforward to check [Rez09, Prop. 11.16] that the category of p-isogeny modules
is equivalent to the category of T-modules. Explicitly, given a I-module (M,{P.}), the
associated p-isogeny module M is given by

MR<<G7 i, O‘)) = R ® 4, M,

where pg: Ay — R classifies (G/R,i,a), and f* = Mg(f): Mz((Ga iz, a0)) —
M ((Gy,i1,aq) is the composite

R @, A ®a, M R @4, A @4 A @y M R @4, A" @4, M,

where py: A, — R classifies f: (G1,i1, 1) = (Gg, 12, a2). Conversely, a p-isogeny module
determines a I-module, by evaluating at the universal deformation (defined over Ag), and at
the universal height r isogenies (defined over A,.).

We will use the equivalence of I'-modules and p-isogeny modules without comment in this

paper.

id®id @Pr id @mult®id
— —

4.6. p-isogeny rings over deformations. A p-isogeny ring is a commutative ring object
in p-isogeny modules. The initial p-isogeny ring is O, defined by Ox((G,i,a)) = R. A
p-isogeny B ring satisfies the Frobenius congruence if and only if for every deformation
(G,i,a) over a ring R of characteristic p, the map

B ro
R®p BR((G.i,0)) = Ba((¢°G,io 6,6°a) 2% BL(G.i,a)

is equal to the relative Frobenius map on the ring By(G,i,«); i.e., B carries the relative
Frobenius map of deformations to the relative Frobenius map of rings. This evidently coincides
with the “Frobenius congruence” condition for I'-rings.
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4.7. The I'-ring O, ... Given a deformation (G, i, «) of Go/k to R, let Og denote the ring
of functions on G. It is isomorphic as an algebra to R[z]. Tautologically, (G,i,a)/R — Og
is a p-isogeny ring. It corresponds to a I'-ring Og,, . , whose underlying algebra is the ring of
functions on the universal deformation of Gy/k.

4.8. The I''module w of invariant 1-forms. Given a deformation (G, i, ) of Gy to R, let
wg denote the set of invariant 1-forms on the formal group G. Then wg is naturally an R
module, free of rank 1, and it is compatible with base change, in the sense that if §: R — R’
is a local homomorphism, then there is a canonical isomorphism

10
Wexq ~ R QR Wq.

Furthermore, given a morphism f: (G,i,a) — (G',i',«’) in Def(R), pullback of 1-forms
defines a map f*: we — wg.

Thus, w naturally carries the structure of a p-isogeny module, and thus we obtain a
I-module w, with underlying Ap-module wg, ., , and with structure map P,: w — A,"®4, w
the map

w= Ay R4, w teid, A ® g, w EAN A ®ay w,

where f: s*Guniv — t*Guniv 1 the universal deformation of Frobenius of height r. It is clear
that as a I'-module, w ~ Z/Z?, where Z = Ker(Og, .. — 1).

univ

4.9. Frobenius-trivial I'-modules and inverting w. Although w is a rank one Ag-module,
it is not invertible as a I'-module; i.e., there is no I'-module M such that w® M ~ 1. However,
there are circumstances in which it is possible to unambiguously define a module “w=! @ M”,
namely when M is p-torsion free and Frobenius-trivial.

Choose a basis u € w. Then Py, (u) = by ® u for some by, € Ay.

4.10. Lemma. The element by, € Ay is a divisor of p*, i.e., p* = byc for some c € A;.

Proof. A map f: (Gy,i1,a1) — (Ga,iy,a0) in Def*(R) has kernel killed by [p*], and so
[(p*]q, = g o f for some isogeny g: Go — G;. If u is a basis of wg,, then p*u = f*(g*(u)).
Applied to the universal example of a deformation of Frob®, this proves the claim. O

4.11. Proposition. If M, N are I'-modules, and if N has no p-torsion, then
w® —: Homp(M, N) — Homp(w ® M,w® N)
s an isomorphism.

Proof. This is a straightforward verification, using the fact that according to the hypothesis
and (4.10), multiplication by by on Ax°®4, (w ® N) is injective. O

Say that a I-module M is Frobenius-trivial if the composite of
M 2y AP @, M SRS A Ay @4y M = M/pM

is 0. In terms of the associated p-isogeny module M, Frobenius-triviality is equivalent to
the following: for any deformation (G, i, «) of Go/k to a ring R of characteristic p, the map
M p(Frobg): Mp(¢*G,io ¢, ¢ a) — M (G, i, ) is equal to 0.

As a consequence, if M is Frobenius trivial, we have that M ,(f o Frobg,) = 0 for any map
f:(0*Gy,iy 0 ¢, 0" aq) — (Ga,is, ae) in Def(R) where R is of characteristic p. Recall that
a morphism g: (G1,4, 1) — (Ga,i2, @) in Def(R) factors as g = f o Frobg, if and only if
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9" wa, = wg, is equal to 0. Applied to the universal example this means that when M is
Frobenius-trivial, the composite

M M} AkS®AO M — (Ak/(bk))S(X)AO M

is 0 for all £ > 1, where b, € A, are the elements associated to the basis u € w introduced
above.

Given a [-module M, let D(M) denote the solution groupoid of the equation w ® X ~ M.
That is, objects of D(M) are pairs (N, f: w® N — M), where N is a '-module and f is an
isomorphism of I'-modules, and whose maps (N, f) — (N’, f’) are [-module isomorphisms
g: N — N’ such that f o (g ®id) = f.

4.12. Proposition. If M is a I'-module with no p-torsion which is Frobenius-trivial, then
then D(M) is contractible.

Proof. As noted above, Frobenius-triviality implies that Py ps (M) C b Ay’ ®4, M, while by
(4.10) the p-torsion free condition implies that multiplication by by is injective on A" ®.4, M.
Thus we may define a [-module N with the same underlying Ap-module as M, so that
Pn(z) = b, ' Py y(z), with an evident isomorphism w ® N ~ M. Thus D(M) is non-empty;
contractibility follows using (4.11) O

We can summarize the above results as follows.

4.13. Proposition. The functor w ® —: Modr — Modr given by tensoring with w restricts
to an equivalence

w® —: (Modr)y = (Modr ) py
from the full subcategory of p-torsion free I'-modules, to the full subcategory of p-torsion free
and Frobenius-trivial I'-modules.

4.14. The null I'-module. Let nul denote the I'-module with underlying Ag-module nul =
Ay, and with P = 0 for all £ > 1. Thus, nul has “trivial I-action”.

Given an Ap-module M, we abuse notation and write nul ® M for the I'-module with
underlying Ag-module M and trivial I'-action. The induced functor

nul ® —: Mody, — Modr
is fully faithful; in fact, Homp(nul, nul) & Aq is the endomorphism ring of nul as a I-module.

4.15. The pth power map and the operation V. Every formal group has a pth power
endomorphism [p]: G — G. If G is a defomation of a height A formal group Gy, then [p] is an
isogeny of rank p". Here we point out a subtlety in the way that the pth power map becomes
a deformation of Frob”.

Because Go/k has height h, Ker[p] = Ker Frob”, and thus there is a commutative diagram
of homomorphisms

GO FI'Obh (¢h)*GO
[p] Yo
Go

where 1)y is an isomorphism. In particular,

[p] : (G()v lda 1d) — (G07 th? %Do)
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describes a morphism in Def”. More generally, for an arbitrary deformation (G,i,a) of Gy to
R, we get a morphism
[p]: (G,i,0) — (G,i0 " i*Pgoa)
in Def(R). Note that this morphism is not generally an endomorphism of an object of Def(R).
There are ring homomorphisms
W A0—>A0, [p] Ah—>A0,
which represent the operations
(G,i,a) — (G io@",i* 0 a), (G,i,a) — ([p]: (G,i,a) — (G io¢" "o a)),

and which fit into a commutative diagram

AQ ;)Ah <t—A0
|
k 7 %
Ao

It is immediate from the above discussion that the ring homomorphism W: Ay — Ajg
is identical to the automorphism (¢", 1)9)*: 49 — Ag induced by the map (¢" 1) €

FmlGp,,(Go/k, Go/k), using the notation of §6.2, and where 120 is the composite G Yo,
(¢")*Go — Gy covering ¢": SpecF, — SpecF,,.
For any I'-module M, define Wy;: M — M to be the composite

M Dy Ao MDY 4G e, M = M.

This map Wy, is W-linear, in the sense that Wy, (am) = V()W (m) for a € Ag and m € M.
For the unit I'module 1 = Ag, the map ¥;: 1 — 1 coincides with the ring homomorphism
W: Ay — Ag described above.

4.16. Remark. There is an important special case, in which (i) Gy is defined over F,n (so
that there is a canonical identification (¢")*Gy = Gy), and (ii) Frob": Gy — Gy is central
in the ring of endomorphisms of (Go)g, /F,. Given (i), condition (ii) is equivalent to the
assertion that 1o = [A] for some A\ € Z). In this case, for every deformation (G,i, ) the
endomorphism [\p: (G,i,a) — (G,i,a) is a deformation of Frob”.

In this special case, the ring homomorphism W: Aq — A is the identity map, and for a
[-module M the map Wy;: M — M is a map of Ap-modules. On the module w of invariant
1-forms, ¥,,: w — w is given by ¥(u) = Apu.

5. '-MODULES AND POWER OPERATIONS

We briefly review the relation between power operations on Morava E-theory, and the
theory of I'-modules described above. The punchline is that the homotopy groups of K (h)-
local commutative F-algebras are “analytically complete T-algebras” for a certain monad T.
(85.11). We also discuss abelian group objects in T-algebras (§5.12).
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5.1. K(h)-local commutative F-algebras and F-modules. Fix a height h formal group
Go/k over a perfect field k, and let E' = Egq,/, be its associated Morava E-theory spectrum,
which is canonically a commutative S-algebra. Recall that m,.F is even periodic, and that
moE = Ay, the ring which classifies deformations of Gy/k.

Let M = Mg,/ denote the homotopy theory of E-module spectra, and let R = Rg,/x
denote the homotopy theory of E-algebra spectra. Both these homotopy theories are realized
by the model category structure described in EKMM, in which weak equivalences are maps
which are weak equlvalences on underlying spectra.

Let M = MGO /& denote the homotopy theory of K(h)-local E-module spectra, and

let R = RGO r denote the homotopy theory of K(h)-local E-algebra spectra. These are
localizations of M and R, with weak equivalences the maps which are K (h)-homology
isomorphisms on underlying spectra.

5.2. Homotopy of F-modules and Z/2-graded FE,-modules. Recall [Rez09, §2] that
we may define a category Modp, of Z/2-graded Ep-modules, whose objects are pairs M =
{My, M_1} of Ey-modules. We will call such objects E,-modules. This category becomes a
symmetric monoidal category via an w-twisted tensor product, defined by

(5.3) M@ N % {(My®g, No) ® (M_1 @y Ny @y w), (Mo ®g, N_1) @& (M_y @5, No)},

where w = T E. We write w for the E,-module {m>F,0} and w'/? for the E,-module {0, 7o E},
whence w'/? @ w'/? ~ w.
We define a functor

Te: hM — Modg, , 7 M = {moM,7_1 M}

from E-modules to the category of F,-modules. It is straightforward to check that this
functor is weakly monoidal, in the sense that there is an evident map

M @ 7,N — m (M Ng N)

satisfying suitable coherence properties. Observe that with these conventions we have
1.2 FE ~ wk/? for all k € Z. (Note that w'/? is invertible in Modp, .)
We can recover the usual Z-graded homotopy groups of a module from the Z/2-graded
ones, by
T M ~ Homygoq,, (w2 7, M).
It is not hard to show that this describes a monoidal equivalence between Modg, and the
more familiar category of Z-graded F,-modules.

5.4. moR as a I'-ring. We now recapitulate the followingA statement, which is described in
detail in [Rez09]: the homotopy groups of an object R € R are naturally equipped with the
structure of a “Z/2-graded I'-ring satisfying the Frobenius congruence”.

Given m > 1, let p denote the m-dimensional real permutation representation of »,,, and
let p C p denote the reduced representation (of codimension 1.) Recall that given a map of
spectra z: S¥ — R, the commutative ring structure on R gives a “total mth power” map
P(z): S¥ABYFP ~ BYFP — R for all m > 0. Applied to m = p", this construction produces
abelian group homomorphisms

P.: mR — (E°BE/T) ®p, TR,

where I denotes the ideal generated by the image of transfer maps along the restriction to
Y X Xpr—i CXpr forall 0 <o <p.
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Strickland’s theorem [Str98| asserts a canonical isomorphism of rings
E°BY,. /1 ~ A,,
Using this, we obtain a I'module structure on 7R by
P.: moR — (E'BY, /1) @p, moR = A,°®4, moR.
With this structure, moR is in fact a [-ring which satisfies the Frobenius congruence (§4.2).

5.5. Remark. In fact, the ring I of §4.3 is precisely the ring of additive operations on 7 of a
K (h)-local commutative E-algebra. That is, it is the endomorphisms of the functor R — Ab
defined by R +— moR. This is the point of view taken in [Rez09, §6]; see also [Rezl1, §3.8].

We note some significant examples.

e The natural I'-ring structure on myE is precisely the initial I'-ring 1 = Aj.

e The natural I'-ring structure on myE**+ = E°CP> is precisely the I'-ring Og
functions on the universal deformation of Gj.

e The natural T-module structure on mE ~ Ker[mgE®+ — mE] is precisely the
[module w of invariant 1-forms.

5.6. Z/2-graded T'-modules and T'-rings. Recall Recall [Rez09, §2 and §7], that we may
define a category Mod}. of Z/2-graded I'-modules, whose objects are pairs M* = {M° M}
of I'-modules, which becomes a symmetric monoidal category via an w-twisted tensor product.
The formula for this tensor product is exactly that of (5.3), though now w represents the
I'-module of invariant 1-forms (which is naturally isomorphic to mFE.)

As a notational short-hand, we identify Modr with Mod{"*" C Mod}, the full subcategory
of Z/2-graded T-modules concentrated in even degree. Thus, we write w for the Z/2-graded
I'-module {w,0} = {mFE,0}.

As in §5.2, we write w'/? for the Z/2-graded I'-module {0,moE}. As before, we have
w'/? ® w'/? ~ w. Furthermore, there are evident isomorphisms

W*Esk = Ker[mES‘kF — mE] ~ Wk

of I'-modules for & > 0. Note that w'/? is not invertible as a Z/2-graded T'-module, though it
is invertible as an E,-module.
Commutative monoid objects in Mod}. form a category Ring}. of Z/2-graded I'-rings.

of

univ

5.7. %-Frobenius—triviality and inverting w'/2. Say that a Z/2-graded I'-module M =
{Mo, M_,} is 3-Frobenius-trivial if the I-module M, is Frobenius-trivial in the sense of
§4.9.

5.8. Proposition. The functor w'/?®—: Mod}: — Mods. given by tensoring with w'/? restricts
to an equivalence

w’? @ —: (Modr )¢ = (MOd;)tf,%Ft
from the full subcategory of p-torsion free I'-modules, to the full subcategory of p-torsion free
and %-Fmbem’us-trivial ['-modules.

Proof. This is immediate from (4.13) and the definition of the w-twisted tensor product. [

Clearly, we can apply the above proposition iteratively. Thus, for any & > 0 there are
equivalences of full subcategories w*/? @ —: (Modr )y = (Modr )y spy, the definitions and
verifications of which we leave as an exercise for the reader.
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5.9. m.R as a Z/2-graded I'-ring. It is a fact (see discussion in [Rez09, §7.5]) that the
zero-section inclusion BY 7 — BY? induces an isomorphism
A, =E°BS, /I = E°BY /1.
The induced map
P:m_iR— (E°BS, /1) ®p, 1R =A,"®4, 7_1R,

defines a I'-module structure on 7_; R.
The power construction P, is multiplicative, in the sense that the diagram

Bzgg_,_b)p Prm(zy) R

diagJ/ Tmult

BY ABYYY — —— ~ RAR
Pm ($)/\Pm (y)

commutes for x € 7, R, y € mpR. Applied to a three-fold product zyu with z,y € 7_1 R and
u € w = mkF C mR, this multiplicativity implies that

mult®id
7T_1R ®E0 7T_1R ®E0 w— 7T_2R ®E0 w 7TOR

is a map of I'-modules. Thus, we obtain a functor
Ty R — Ringf., R ={mR,m_1R}

from K (h)-local commutative E-algebras to the category of Z/2-graded I'-rings. Furthermore,
R satisfies the Frobenius congruence, which just means that the even degree part moR
satisfies the Frobenius congruence as noted above. (That is, “Frobenius congruence” does
not impose a condition on odd degree.)

5.10. Square-zero extension rings. Let nul € Mod} denote the Z/2-graded T-module
{nul, 0}, where nul € Modr is the null module of §4.14. The evident functor

nul ® —: Modg, — Modf.

is fully faithful.

Given an F-module M, we may form the square-zero extension FE x M, which is an
augmented commutative F-algebra with “trivial” multiplication on the augmentation fiber
M. We have that

Ker[m,(E x M) — m,E] ~ nul ® 7, M
as Z/2-graded T-modules.

5.11. The monad T. The functor m,: R — Ring}. described above lifts even further to a
functor R

T R—T,
where T is the category of Z/2-graded T-algebras, where T is a certain monad on Z/2-graded
moE-modules, as mentioned in §2.3, and which is analyzed at inordinate length in [Rez09],
and the reader is referred there for more information.

In brief, a T-algebra is a Z/2-graded I'-ring equipped with an additional non-additive
operation which “witnesses” the Frobenius congruence. Theorem A of [Rez09] asserts that a
p-torsion free Z/2-graded I'-ring B admits the structure of a T-algebra (necessarily uniquely)
if and only if B satisfies the Frobenius congruence.
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In fact, the above functor factors through a full subcategory
i R—=T
of analytically complete objects. We’ll say more about this later.

5.12. Abelian group objects. Let Tz, denote the slice category, whose objects are objects
of T equipped with an augmentation to F, = m,FE. We write ab 7g, for the category of
abelian group objects in Tg,. It is easy to see that an object f: B — FE, of Tg, admits an
abelian group structure if and only if the augmentation ideal B = Ker f is such that B = 0,
and that if such an abelian groups structure exists, it is unique. Thus ab Tg, is equivalent to
the full subcategory of objects in Tg, with square-zero augmentation ideal.

Any abelian group object B € ab T, has an underlying Z/2-graded I'-module B, giving
a forgetful functor U: ab7Tg, — Modf. This forgetful functor actually lands in the full
subcategory (1\/Iod§)%Ft C Modf. of 3-Frobenius-trivial modules (5.7); this is an immediate
consequence of the Frobenius congruence for T-algebras, applied to a square-zero augmentation
ideal.

The category of abelian group objects turns out to be equivalent to the category of
Z/2-graded I'-modules, but not via the forgetful functor.

5.13. Proposition. There exists an equivalence of categories S: Modi — ab7Tg, and a
natural isomorphism between the composition of

Mod: 2 ab T, % Modf:
and the endofuntor w'/? @ —: Mod} — Mod..

Sometimes we will abuse notation and write “w™'/? ® M” for S~'(M), where M € abTg, .
When the underlying F,-module of M is p-torsionfree, this notation is in fact unambiguous
by (5.8), since U(M) is 3-Frobenius trivial

We note that both Mod} &~ Mod{"™™ x Modp™® and ab T, ~ ab 72" x ab 7234 can be
separated into purely even and odd components. The functor w'/? @ —: Mod®™ — Mod2!
is an equivalence by construction, and thus we obtain an equivalence w'/? ® S: Mod™ —
ab Tg'*" whose composite with the forgetful functor ¢: ab 75" — Mod™" is isomorphic to
w® —. If M € abTg"" has p-torsion free underlying E,-module, we will abuse notation and
write “w™! ® M” for the corresponding object of Mod{".

6. DEPENDENCE ON THE FORMAL GROUP

All the structure we have discussed so far depends on a choice Gy/k of formal group of
height h > 1 over a perfect field k£ of characteristic p. In this section we say a bit how the
stucture varies as we change the formal group.

6.1. The category of height i formal groups. Let FmlGp, denote the category whose
objects are formal groups Go/k of height h over a perfect field k of characteristic p, and
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whose morphisms (j,7): Gy/k" — Go/k are commutative squares

GG,

L]

/
Spec k P Spec k

such that the induced map v: G — j*Gj to the pullback of G along j: k — k' is an
isomorphism of formal groups over £’

The Hopkins-Miller theorem asserts that Morava E-theory is realized in an essentially
unique way as a functor of (0o, 1)-categories FmlGp, — {Commutative S-algebra}, sending
Go/k‘ to EGo/k-

6.2. Dependence of Def. It is immediate that a morphism (j,7): Gy/k" — Go/k induces
functors on deformation categories of the form (j,7).: Defg s (R) — Defg,/x(R), which on
objects send (G, i, ) to (G,i0 j,i*y o ). These functors are represented by maps of affine
graded-category schemes, so that in particular there are induced maps of rings

(j7 7>* Ar,Go/k — Ar,Gg/k’
which commute with the structure maps s, t, u of the graded-category scheme. Furthermore,
the induced maps
Aoy ®A07G0/ksA’r,G0//€ — Ar gy

are isomorphisms for all r.

There are special cases of special interest: extension of scalars, and automorphisms.

Extension of scalars. Suppose given Gy/k, and let Gy = (Gg) be the base change along
an inclusion k C &’. Then Ar,06 /e = WE @wi Ay ok, and the structure maps s, ¢, u are also
obtained by base change; for instance, s and t for Gj,/k" are given by

id ®@s: WE @wi Ao,co/e = WE Qv Ar.co i, ;bir @ t: WK Qwi Ao,cose = WE Qwi Ar.coi,

where 5 : WK — WE is the lift of the pth power map ¢: £ — k’. The evident map
o/k" — Go/k in FmlGp,, corresponds to the evident inclusions of rings A, q,/x — Arqy /i

Automorphisms. Fix a height h formal group Go/F,; in this context, it is usual to take Gy
to be the Honda formal group, although we won’t assume this. Define

G = leGph(GO/Fpa Go/Fp)
There is an associated group extension

1—S— G — Gal(F,/F,) — 1,

where the projection sends (o,7) to o € Gal(F,/F,). The subgroup S is group of automor-
phisms of G over Fp, i.e., the Morava stabilizer group of height h. (Recall that all height h
formal groups over a separably closed field are isomorphic.)

The above extension admits a splitting, but the choice of splitting is not natural; rather
such a splitting is determined by a model for G over F,, . More generally, suppose given
a formal group G;/F,, and for any o € Gal(F,,F,-) write 1, : (G1)g, = (G1)g, for the
tautological map of formal schemes covering o: Spec Fp — Spec Fp. Then we have a group
homomorphism Gal(F,/F,) — FmlGp,((G1)s,, (G1)5,), defined by o — (0,.,). Then a
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choice of isomorphism f: (G1)F, — Go of formal groups over F, deterimes a homomorphism
s of the form
Gal(F,/F,) 2 Gal(F,/F,) > G,

by sending o — (0, fi,f!). The map s is a “partial section”, in the sense that the composite
Gal(F,/F,) = G — Gal(F,/F,) is the standard inclusion. The construction (G, f) ~ s
describes a bijection between the set of F,--isomorphism classes of height i formal groups
over [F,-, and the set of S-conjugacy classes of partial sections s: Gal(Fp JFpr) = G (see
[Fr668, §I11.3]; a continuous section s up to conjugacy is the same thing as an element of the
non-abelian cohomology H'(Gal(F,/F,-),S).)

The group G acts on the categories Def, & (I), and therefore acts on the rings 4, ; 7,
compatibly with the structure maps s,¢, u. The action of G on 4 4, /7, is the usual action
of the automorphisms of a formal group on the Lubin-Tate moduli space. The action of G
on A, g, /F» is compatible with its action on the cohomology of symmetric groups, via the
quotient map E°BY,r — E°BY, /I ~ A, 5 5 of Strickland’s theorem.

6.3. Dependence of Modr. For each object Go/k of FmlGp, we have a category ModpGO/k

of I-modules. Given a morphism (j,v): Gi/k" — Go/k in FmlGp,,, there is an evident functor
(J,7)«: Modr,, ,, — Modr Explicitly, this functor sends (M, {P.}) to (M’,{P'}), where

Gy/k "

M'= Aoy ®a, 0 M, Pl=Aogyw ®ayg, P

0,G{,
These constructions fit together to define a pseudofunctor Modr: FmlGp,, — Cat.

In particular, if G = FmlGp,(Go/F,, Go/F,), then we obtain an “action” of G on the
category Modr = Modpco/ﬁp. A G-equivariant I'-module is a ['-module M together with
for each g € G a map oy : g.M — M of I-modules, such that g.(as) o oy = apg.

It is straightforward to show that a G-equivariant I'-module M is the same thing as a
['-module (M, {P,}), together with an action of G on the abelian group M, such that the Ag-
module structure map Ag ® M — M and the I-module structure maps P.: M — A,°®4, M
are G-equivariant, using the evident G-action on the A,.

We note that the usual G-action on E-cohomology gives Og,, .. ~ E°CP> its tautological
G-equivariant I-ring structure, and thus gives w ~ FE°S? its tautological G-equivariant
[-module structure.

7. THE STRUCTURE OF I'-MODULES

7.1. T is quadratic. The following result says that most of the rings A, are superfluous for
describing the category of I'-modules; a I'-module structure is determined by the map P,
subject to a condition involving the ring A,.

7.2. Proposition. Let M be an Ag-module, and let P: M — A;°®a, M be a map of Ao-
modules (with the target module structure defined using t;: Ag — A1). There exists a dotted

arrow in

M Afe, M

lid QP
p®id

A28®AO M —>A15®AOtA15®AO M
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making the diagram commute if and only if there exists a I'-module structure {P,},>o on M
such that Py = P; furthermore, the I'-module structure is unique if it exists.

We will prove this below.

7.3. The Koszul complex. Let M and N be I'-modules. We define the Koszul complex
C*(M,N) as follows. Below we write “®” as a shorthand for “*®,,"”. For each ¢ > 0, let B,

denote the image of
q—2

@ A(lgn ® A2 ® A?q_i_Q (id ®ﬂ®id) A(lg)q
i=0
inside AY? = A;°®,4," - @4, A1, and let

D, =AY/ B,.

rightmost factor

We can regard D, as both a right Ap-module (by Ay = A; A$? - D,) and

a left Ag-module (by Ay AN Ay Loftmost factor, AP D,); these module structures commute.
The induced quotient maps

X1 Dp®a, Dy = Dpiyg
give @ D, the structure of an associative ring. In particular, since D; = A, there are maps

A" ®ay Dy = Doy, Dy @4, A1 = Dys1.

Set
C7(M, N) € Homu, (M, Dy ®4, N),

with coboundary operator d,: C*(M, N) — C***(M, N) given on f: M — D, ®a, N by
dof = (idp, xPy) o f = (=1)%(ida, X f) © Par.

That this defines a cochain complex follows from the fact that (id4, X Pys) o Py = 0 for any
I'-module M.

7.4. Proposition. If M s projective as an Ag-module, then
HIC*(M,N) ~ ExtL(M, N).

Furthermore, D, = 0 for ¢ > h, and thus for Ay-projective M we have Ext{(M,N) =0 for
q>h.

We give a proof below.

7.5. Duality for bimodules. Let X be an Ag-bimodule. The “right-dual” of a bimodule
X is
X" déf Hom;iliht <X7 AO):

the group of right-Ap-module homomorphisms. Given a,b € Ay and f € X*, define (a - f -

b)(x) o a(f(bz)) = f(bxa). Because Ay is commutative, a- f-b € X*, and it is straightforward

to check that this operation makes X* into an Ag-bimodule. Furthermore, the evaluation
map
evy: X" ®a4, X = Ao, fRx— f(x)
becomes a well-defined map of Ag-bimodules.
We use the evaluation map to define for Ag-modules M, N an abelian group homomorphism

ax: Hom'{ (M, X ®4, N) — Hom!{M(X* ®4, M, N),
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sending f: M - X ® N to a(f) = (evx ®idy) o (idx+ ®f). This map is an isomorphism of
bimodules when X is finitely generated and free as a right Ag-module. Similarly, we have
bimodule homomorphisms

Br: Xj @4y - ®@ay X7 = (X1 @4, @a, Xi)™,
defined by

(fe®- - ® f1) = (351 ® - @ap > frlfroor(- - fo(fr(z1)w2) - 'xk—l)xk))
which become isomorphisms when the X; are finitely generated and free as right Ag-modules.

We note that the fxs are compatible with associativity in the evident way, e.g., Bx o (5;, ®
@ By,) = By i;, and the fis are compatible with «, in the sense that the map

Hom'{"(M, X; ® - ® X}, ® N) = Hom'{ (X ® - - ® X; ® M, N)

obtained by k applications of ax, coincides with Hom(f; ® id, id) o ax, @0, -
Finally, we note that there is a “left-dual” X — X* = Homfﬂt(X , Ag) which satisfies
analogous properties, and which behaves nicely on X which are finitely and free as left

Ap-modules. There are evident maps X — (X*)* and Y — (Y™*)*, which are isomorphisms if
X (resp. Y) are finitely generated and free as right (resp. left) Ag-modules.

7.6. Proofs. Recall (§4.3) that I-modules are in fact modules over the graded ring I"; which
is Koszul by [Rezl11]. Thus, for any I'-module M we obtain a Koszul complex [Rezl1, Prop.
4.8], i.e., an augmented complex of I'-modules K,(M) — M which in degree ¢ is given by

Ky(M) =T ®a, Clq] @4, M.
The Ag-bimodules C[q] = H,B(Ay, T, A) ~ Toqu(Ao,Ao), the homology of the reduced
normalized bar construction of I'. Explicitly, C|q] is the kernel of
q—2
((—1)"1d® @u @id®* %) T[1]*? — @ T[1]* @ T[2] ® T[1]**~ 2,
i=1
where p: I'[1] ® I'[1] — T'[2] is multiplication.
The bimodules C[q] are finitely generated and free as left Ag-modules, by [Rezl1, Prop.

4.6], and the fact that the ranks of the I'[k] as free left Ap-modules are known from [Str98],
so that we have the identity of Poincaré series

> “rank[m] - T = <ﬁ(1 - pj_lT)) 71,
and hence § B
zm:rank Clm]-T™ = (;rank I'[m] - (—T)m) B = E(l +p77).

From this we see that C[q] = 0 for ¢ > h.

The boundary map of K,(M) is obtained as the d; of the spectral sequence associated to
a filtration of the bar complex B(I',I", M) as described in [Rezl11, §4.7]. An explicit formula
for the boundary map can be read off from this, and it is given as follows. There are evident
“inclusion” maps

0: Clg) = T[] ® Clg — 1], r: Clgl = Clg — 1] @ T'[1],
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coming from the inclusion Cg] C I'[1]®9. The boundary operator
dy: T ®4,Clg+1] @4, M =T ®4, Clq] ®a, M
is then given by
(mult ® idejg ®idar) o (idp @€ ® idpr) — (—1)(idp ® idejg ®act) o (idr @r @ idyy),
where mult: I' ® I'[1] — T" and act: I'[1]] ® M — M are the evident maps. It follows by

[Rez11, Prop. 4.8] that if M is a flat Ag-module, then K (M) — M is a quasi-isomorphism.
In particular, if M is Ag-projective, then K,(M) is a projective I-module resolution of M.

Proof of (7.4). The isomorphism of the proposition amounts to the statement that there is
an isomorphism of complexes

Homyp (K (M), N) ~C*(M,N).
The verification of this is entirely routine, using the identification I'[¢] ~ A} and the fact that

the product maps I'[p] ® I'lq] — T'[p + ¢| are dual to the coproduct maps A,;, — A, ® A,.
From this we obtain an evident isomorphism C[g] ~ D}, and thus

Homp (K, (M), N) = Homy,(Clq] ® M,N) ~ Homu,(M, D, ® N) ~ C/(M, N).
The identification of the coboundary maps is straightforward. O

Proof of (7.2). In [Rezl1] it is proved that I' is Koszul, and in particular that it is quadratic
[Rez11, Prop. 4.10]. That is, I' is generated as a ring over I'[0] = Ag by I'[1] = Hom 4, (°A1, Ao),
with all relations generated by the Agp-sub-bimodule @) = Ker(I'[1] ® I'[1] oty I'[2]) of
I[1] ®a4, T'[1].

The statement of the proposition is a direct translation of these facts, together with the
observation that the arguments of [Rez11] show that @ is a summand of I'[1] ® I'[1] as an
Ap-module. Taking duals, this implies that as a map of Ap-modules, p: Ay — A;°® AOtAl
is split injective; therefore, u ® idy, is injective for any Ag-module M. This shows that the
dotted arrow in the proposition is unique if it exists. O

8. THE HEIGHT 1 CASE

Suppose Gy/k is a formal group of height A = 1. We describe the nature of the theory in
this case.

8.1. The affine graded-category scheme {A,} for height 1. We have the following.

o Ay = Wk.

e For each r > 0, the map s: Ay — A; is an isomorphism. That is, any deformation of
Gy has a unique subgroup of rank p", corresponding to the kernel of p": Gy — Gy.

e Identify A, with Ay = Wk using the isomorphism s. Then t: Ag — A, is identified
with the lift ¢": Wk — Wk of the p"th power map on k.

e The maps p: Appr — A ® AOtAg are uniquely determined by the above and the
identities pos =id®s and pot =t ® id.

e The map V: Ay — Aj coincides with the map g%: Wk — Wk.
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8.2. '-modules for height 1. By what we have just observed, we see that a I'-module is
precisely a a Wk-module M equipped with a Wk-module map

Py M — M.

That is, Py is W-linear, so Py (am) = ¥(a)m for a € Wk and m € M.
In fact, Py = P, coincides with the operation Wy, of (4.15).

8.3. Koszul complex for height 1. For I-modules M and N, the Koszul complex C*(M, N)
(§7.3) takes the form

Homyyy, (M, N) 22 Homyy (M, *N)
v +—— Pyoy—~yo0 Py.

For example, if M and N are rank one Ayp-modules with bases = of M and y of N, so that
P(z) = az, P(y) = Py for a, B € Wk, the complex becomes isomorphic to

Wk 25 Wik
fr— o(f)B— fo.

8.4. Invariant 1-forms for height 1. Now let f: s*Guuv — t*Guuv be the universal
example of a deformation of Frob, which is defined over A;. There exists a commutative
diagram of homomorphisms of formal groups over A; of the form

s* uan t G(unlv

\/

lll'llV

in which ¢ is an isomorphism of formal groups. Modulo the maximal ideal in Ay, this becomes
the commutative diagram

Gg —> *Go

Pick a generator u € w of the invariant l—forms on Gy, and consider the pullbacks
5*U € Werq,pe and t'u € wisq,,,, - If we write

f*(t*u) = b(s*u) for some b € A; = WE, ¥ (t"u) = A(s*u) for some A € A7 = (Wk)™,

then the identity f = v o [p] implies that b = p.
Thus the I'-module w of invariant 1-forms is isomorphic to the free W,k-module on one
generator u with P(u) = bu = (pA)u, where A € (W,k)*.
In the special case that k = IF,, then s =t = idz,, and hence ¥ = [A]: Gyniy — Guniv, and
thus 1y = [\]: Go — Gj. Here are some examples.
o If Gyuniv is multiplicative group over Z,, then [p| is a deformation of Frobenius, A = 1,
and P(u) = pu.
o If p is odd and Gy is the formal group over Z, given by the group law z[+]y =
(z +y)/(1 — xy), then [(—1)P~V/2p] is a deformation of Frobenius, A = (—1)®~1/2,
and P(u) = (—1)®=D/2pqy,
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8.5. On the element A. The definition of A depends on both the formal group Go/k and
the choice of generator u € w. Replacing u with au for a € A changes A to A¢p(a)/«, and
thus we get a well-defined element (\) of

x al—>¢

H(k) = Cok | (Wk) % (Wk)*

The element (\) € H(k) is an invariant of the isomorphism class of Gy over k.

Over k = Fp, all height 1 formal groups are isomorphic to Gm, and so in this case we can
choose a basis u € w such that A = 1.

Over k = F,r, Hilbert’s Satz 90 applied to the unramified extension Wk ® Q/Q, gives an
isomorphism H (k) ~ Z), defined by [A] = Nm(}) = 1= ¢"(\). Explicitly, 8 = Nm()) €

Z, is the unique map fitting in the commutative diagram

Frob”

(¢")"Go = Go
\ e

The assignment Go/k —— 3 € Z) is a complete isomorphism invariant of height 1 formal
groups over F,-. See [Fr668, §III.3 Thm. 2] and the surrounding discussion. The formal

multiplicative group G /F,» has trivial invariant.

8.6. Sample calculation. Suppose that G /k is a height 1-formal group over a subfield k
of F,. Let det = (Wk)v denote the I'-module defined by P(v) = pv.

8.7. Proposition. We have
Exti(w™ ®@det,w™)~0 ifs#0,1, orifm#0.
Z, if Gy~ @m over k,

0 otherwise.

Homp(w ™' @ det, 1) ~ {

Z, if k finite and Gy = @m over k,

0 otherwise.

Exty(w™ ' ®@det, 1) ~ {

Proof. Using §8.3, the complex for a given m is
Wk 2 Wk
[ X" o(f) = AT
For m > 1, the boundary map dy is an isomorphism, since modulo p it has the form
fr= =X"1f and A is a unit. In the case m = 0, the boundary map dy has non-trivial kernel
if and only if A = a/¢(a) for some o € (Wk)*, i.e., if [A\] = 0 in H(k), which as noted above
§8.5 happens if and only if Gy = G,, over k. 0

The above calculation is input for a spectral sequence computing the space of commu-
tative S-algebra maps X°Z — E; the my of this space is equal to the homotopy classes of
commutative S-algebra maps 3K (Z,2) — E. The dependence on Gy being isomorphic to
the multiplicative group is a reflection of Snaith’s theorem (that the spectrum of complex
K-theory is obtained by inverting the Bott class in X K(Z, 2)).
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9. SUPERSINGULAR ELLIPTIC CURVES AND THE HEIGHT 2 CASE

__ Let Cy be a supersingular elliptic curve over a perfect field k. Thus, the formal completion
Cy of Cy at its identity element is a formal group of height 2 over k.

According to the theorem of Serre-Tate, the deformation theory of a supersingular elliptic
curve is precisely the same as the deformation theory of its formal group. Thus, we may
define a category Defc, /x(R) of deformations of Cy to a complete local ring R, exactly as
we did for the formal group Go. The functor Defc,,(R) — Defg, , (R) to the category of

deformations of the formal group 60, defined by (C,i,a) (6 ,1,@), is an equivalence of
categories; this is the content of the Serre-Tate theorem applied to a supersingular elliptic
curve. R

We will now assume that our formal group Gog = C is the formal group of a supersingular
curve. Thus, any deformation (G,i,a) of Gy is the formal completion (uniquely up to
canonical isomorphism) of a deformation of Cy, and any morphism f: G — G’ in Def"(R)
extends (uniquely up to canonicaly isomorphism) to an isogeny f: C' — C” between elliptic
curves of degree p”, which itself a deformation of Frob™: Cy — (¢")*C,

9.1. Dual isogenies. For _any isogeny of elliptic curves f: C' — c’ of rank p", there is an
associated dual isogeny f C" — C, with the property that ff ff [p"]. Observe that
the dual of f is f again.

If f: (C,i,a) = (C",i,d') is a deformation of Frob', then the identity [p] = Ff gives a
commutative diagram in the deformation category of the form

(C,i,a)
(C,i, ) (Criod? aor))
Thus we obtain a ring homomorphism w: A; — A; representing the operation

(f: (Gyi,a) = (C,i,a)) = (F: (C,i,a) — (Crio ¢ ao)),

and which fits into a commutative diagram

A();Al(t—Ao

N

Ay

Observe that w?: A, — A; is not generally the identity map, but rather we have that
w?s = sU and w?t = tV¥. In particular, w interacts in a complicated way with the Ag-module
structures on A;, which can be represented by the notation w: PAF — S\IjAlt.

We will use the following notation in the remainder of the paper. If f: M — ‘A;°® 4, NV
is an Ag-module homomorphism, we will write w x f: ‘A;°®4, M — YA ® 4, N for the

composite
s w s s multiply ¢ s
‘A, ®ay M v, \PA1t®AOtA1 ®a0 NV Ry, YA, ®a, N.
The resulting map is a map of left Ap-modules, using the indicated module structures. We

note that w x id: tA15®AOtA13 — *YA# is a ring homomorphism.
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The identity ]?f = [p] gives rise to a commutative square of ring homomorphisms

Ay 4 A1S®A0tz41

(9.2) [p]l lwxid

AO ﬁ Al
9.3. Proposition. The diagram (9.2) is a pullback square of rings. Furthermore, for any

Ag-module M, the induced diagram

s id s s
tAQ ®Ao M&)tAl ®AOtA1 ®A0 M

[p]®idl l(wxid)@id

\I/Ao ®A0 M W S\IJA18®AO M

1s a pullback square of modules. The induced map
Dy ®ay, M — (A1/s(Ag)) ®a, M
is an isomorphism, where Dy = Cok[u: Ay — A18®AOtA1].
Proof. This is essentially the proof of part (4) of [Rez12, Thm. 1.6] given in §1.7 of that
paper. [l

9.4. Proposition. Let M be an Ag-module, and let P: M — A°®a4, M be a map of
Ag-modules. There exists a dotted arrow in

M e, M

lidAl P

tr s t s

A @4, A" ®@a, M
leidAng]M

s\I/A18®AO M

~

s®id
‘IJAO ®A0 M ®

making the diagram commute if and only if there ezists a I'-module structure {P,},>o on M
such that P, = P. This I'-module structure is unique if it exists. If it does exist, then the
dotted arrow is precisely the operator Wy, : M — M.

Proof. Immediate from (9.3) and (7.2). O

We can write the identity of the proposition in the form s ® Wy, = (w X Pys) o Pyy.

Thus, we arrive at the following. If Gy = Cy is the completion of a supersingular curve,
then a I'-module amounts to a pair (M, P), where M is an Ag-module, P: M — tA15®AO M
is an Ag-module map, and (w x P)o P: M — A;°®4, M lands in the image of s ® id: M =
AO ®A0 M — A18®A0 M.
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9.5. The Koszul complex. In our setting, where Gy = C’O, the Koszul complex has the
form

C°(M, N) = Hom4, (M, N),
C'(M, N) = Hom, (M, 'A1°®4, N),
C*(M, N) = Homa, (M, *(A1/A0)*®a, N).
The boundary maps are given by:
¢ €C'(M,N),  do¢: m— Py(p(m)) — (id ®¢)(Pr(m)),
Y € CY(M, N), di: m— (w x Py)((m)) + (w X ) (Ppr(m)).
(The formula given for d; produces an element in A;°® 4, N; the value of (di¢)(m) is the

projection to (A;/s(Ag))’®a, N.) This in fact defines a cochain complex; for ¢ € C°(M, N)
we have

di(do@)(m) = (w X Py)((do¢)(m)) + (w X do@)(Par(mm))
= (w x Py)(Pn(p(m))) — (w x Py)(id ©¢)(Pa(m))
+ (w x Py)(id @) (Par(m)) — (id ®@¢)(w x Par)(Prr(m))
= (s@Un)(¢(m)) — (id®¢)(s @ Wpr)(m) € (s ®id)(N).

The last line uses the identity s ® ¥y, = (w x P)o P of (9.4).

We note that this complex can also be arranged as a semi-cosimplicial object. That is, the
cohomology of C*(M, N) is naturally isomorphic to the cohomology of the semi-cosimplicial
abelian group

Homy, (M,'A)* @4, N) —

Homy, (M, N) X —— Hom, (M, *Y4,°®4, N)

— Hom 4, (M, 'N) N

with coface maps given by
—— (w x Py)o
— (Pvog, Uyod)
¢ (¥,¢) —— (s®id)o¢
—— (([d®¢) o Pa, ¢po Wy)
s (wx¥)o Py

This cosimplicial object is reminiscent of one considered in [MR09] and [Beh06], which are
built using separable isogenies of elliptic curves, and which relate to stable homotopy rather
than to commutative ring spectra.

9.6. '-modules of rank 1. Let 8 € A; such that w(B)8 € s(Ap). Then we can define
a I-module Lg as follows. The underlying Ajp-module of Lg is a free Ap-module on one
generator z. The structure map P: Lg — A1°®.4, Lg is defined so that P(z) = § ® x; thus,
P(cz) =t(c)B @z for ¢ € Ayg. We verify that

(wx P)P(cx) =w(t(c)f)f@x=s¥Y(c)w(B)fR@x € (s®id)(Ag ®a, M),
and thus this P defines a valid I'-module homomorphism. In particular, note that W, (z) =
w(ﬁ)ﬁx c A() X4, Lﬁ.
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Let 31, fo € A; such that w(5y)61, w(Ps) B2 € s(Ap), and suppose that o € Ay is such that
s(a)Br = t(a)Bs € Ay.

Then we can define a I'-module homomorphism f: Lg, — Lg, by setting f(z1) = azs, so
that f(cz1) = caxq for ¢ € Ag. We verify that

P(f(z1)) = Plaxz) = t(a)B2 @ o,
(id®f)(P(r1)) = ([d@f)(f1 @ 21) = fi1 ® axy = s(a)Bi @ 23,
and thus f defines a valid I'-module homomorphism.
We have thus done most of the work to prove the following.
9.7. Proposition.
(1) The construction B — Lg gives a bijective correspondence
{Be A |wB)Bes(A)} | { isomorphism classes of }
B~ t(y)s(y)"'B for v € Af ) rank one I'-modules :
(2) We have

Homr(Lg,, Lg,) = {a € Ao [ t(a)B2 = s() b1 }.
(3) We have Lg, @ Lg, =~ Lg,,. The module Lg is ®-invertible as a I'-module if and only
if B e Af.
In particular, every 8 € Z, gives rise to a rank one I'module Lg. We note these examples.
e 1 = [, the unit object in the symmetric monoidal category of I'-modules.
e det = L,, the determinant module.
e nul = Ly, the null module. Note that Homr(nul, nul) &~ Ay, and thus Homp(M, N ®
nul) has the structure of an Ap-module.
Note that if Lg is such that 5y = p for some (necessarily unique) v € A;, then we have an
isomorphism det = Lg ® L. We may thus sometimes choose to write Lz = L' ® det, even
when the module L., is not ®-invertible as a I'module
The invariant 1-form module w is an example of a rank one I'-module which is not in
general described by an element of Z,, as we will see. If u € w is a basis, and we write
P(u) = b®u with b € Ay, then w ~ L;. Because [p] = 1 o Frob? on C} for some isomorphism
: Cy — (¢*)*Cy, we have that U(u) = w(b)b @ u = A\p ® u for some A € AJ. As a
consequence, there exists a module w™" @ det & Ly-1,).

9.8. Standard supersingular curves. We say that a supersingular elliptic curve Cy/k is

standard if £ C F2 and Frob? = [—p|]. Honda-Tate theory provides a standard supersingular
elliptic curve over k = I, for every prime p. In fact, we have the following.

9.9. Proposition. Every supersingular elliptic curve over a finite field is isomorphic (over
F,) to a standard supersingular curve.

Proof. [BGJGPO05, Lemma 3.21]. O

For a standard curve Cy/k, we have that W: Ay ¢,k — Aocy/i and w?: Av oo — Arcosk
are identity maps.

9.10. Remark. It is important here that & C F,2. If we extend to some larger field &' D FF .,
then neither W nor w? are identity maps. In fact, on scalars ¢ € W,k' C Ay we have

T(c) = ¢2(c), where ¢: W,k" — W,k is the lift of the pth power map on &'
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We will now show, using the results of [Rez12], how to describe explicitly category of mod-p
[-modules for a standard supersingular curve, and nearly explicitly describe the category of
I-modules itself. (Similar results hold for curves which satisfy Frob® = [p].)

9.11. Notation. We let Cyy/k be a standard supersingular curve, with & C F2. Let Co=

(Co)z, be the base change of Cy to ).

We will use the following conventions when dealing with I'-modules for C| /Fp. First, we
write A, C A, for the rings Arco/k C Ar,éo [By recall that A, ~ WFP Qwr A,. Likewise, we
write w C @ for the I'-modules of invariant 1-forms on C and Cj.

o We identify A, with its image under the inclusion s: Ay — A;, and similarly identify
Ag with the image of s: Ag — A;.

e For any element 3 € A;, we write 3’ for w(3) € A;. This implies that for o € Ay, we
have t(a) = o/, and o’ = ¥(a).

e As a consequnce, if 8 € Ay, we have ” = 3, and if « € Ay, we have o’ = a = ¥U(a).

e For ¢ € W,F,, write ¢”) = (¢")(c), and for f(z) = 3 ¢zl € Wok[xy, ..., x,], write
fO(z) =" cgr)xl. Note that ¢/ = ¢,

9.12. Structure of A;. The universal deformation of Cj is defined over Ay ~ W, k[a]. We
refer to any power series generator a of this ring as a deformation parameter. Thus, we
choose a deformation parameter a, and write a = s(a) € A; and o’ = t(a) € A;.

9.13. Proposition. The evident map W,k[a,a'] — Ay descends to a ring isomorphism

kla,a']/((a” = a')(a — a™)) = Ai/(p).
The map can: Ay — Ag/(p) classifying the canonical subgroup is given by a — a, a’ — aP.
The maps s,t: Ag/(p) — Ay/(p) are given by s(f(a)) = f(a) and t(f(a)) = fP(a).
Proof. This is a special case of Proposition 3.15 of [Rez12]. O

Now choose a basis u of the module w of invariant 1-forms. Then P(u) = b ® u for some
be Ay Let ' =w(b) € A;. Since k C F,2 and Frob® = [—p|, we must have that b'b = —p.

9.14. Proposition. The evident map W,k[b, V'] /(b + p) — Ay is an isomorphism of rings.
Furthermore, there exists e € AY and € = w(e) € A such that

b=e(d —a") and b =é'(a—ad?).

Proof. To demonstrate the isomorphism, it suffices to do so after reducing mod p, since both
W,k[b,b']/ (bl + p) and A; are p-complete and p-torsion free.

An isogeny f: C — C' of elliptic curves of rank p factors through Frobenius if and only if
f*: wer — we is the zero map. Therefore Ker(can: A; — Ag/(p)) = (b) C A;.

On the other hand, by (9.13) the evident map k[a, da’]/((a? — a')(a — a?)) — A;/(p) is an
isomorphism of rings. The projection map A; — A;/(p,a? — d’) = Ay/(p) exactly classifies
Frobenius, and thus we must have that b = e(a’ — a”) for some unit A € A;. Clearly this
implies b’ = ¢/(a — a’?), and that k[b,0']/(b0') — A;/(p) is an isomorphism. O
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9.15. Adapted parameters. Given a basis u for w, we say that a deformation parameter
a € Ay is adapted to u if we have
a=0 mod bA;,

where b € A; is such that P(u) = b® u, and i/ = w(b), so that &’b = —p. If a is adapted to u,
then applying w to the above congruence gives

ad =b mod bA,.
Since a = a’? = b mod V' Ay, it also follows that
a=b 4+ modbA;, and a=V -+ modlA,.
The ring homomorphism A;/(p) — A;/(b) x A;/(V) is injective, and thus we have
a=0b+b mod pA;
for any adapted parameter a.

9.16. Proposition. For any generator u € w, there exists a deformation parameter a € Agy
adapted to it.

Proof. As noted above, for an arbitrary deformation parameter a we have that b = A(a’ — a”)
for some unit A € A, Thus

V40" =XNa—a?)=Na—d") mod bA;.

Because s: Ag/(p) — A1/(b) is an isomorphism, we may choose @ € Ay which projects to

N(a — ap2) modulo bA;. Clearly, this @ is a deformation parameter, and @ =4 mod bA;, so
it is adapted. O

Now suppose that a € Ag is an adapted parameter. It will be convenient to use the evident
isomorphisms A;/(b) =~ k[0'] and A;/(V/) ~ k[b], with respect to which the evident ring
homomorphism A; — A;/(b) x A;/(b') induces an isomorphism of rings

A1 /(p) ~ k[V] x4 k6] C k[b] x K],

identifying A;/(p) with the set of pairs of power series (g1(b'), g2(b)) such that g;(0) = go(0).
This isomorphism sends

a— (U, 0P), a — (b7.b),

b (0,b), v — (V,0).
With respect to this isomorphism we have

s(f(a)) = (f(V), f(07)),  t(f(a)) = (SO ), FD D)),
and
w(g(¥), g2(0)) = (95" (1), 91" (0)).
The map A;/(p, s(Ag)) — k[b] defined by
(91(0), 92(b)) = ga(b) — g1(")

induces a bijection A;/(p, s(Ag)) = bk[b].
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9.17. Remark. One would like to lift the congruence a = &’ + b¥ modulo bA; to an identity
in Ay, so that a = f(b,¥') for some explicit polynomial f in b and &. Armed with such
an identity, one would then have an explicit description of the maps s,t: Ay — A; and
w: Ay — Ay, and thus an explicit description of the category of I'-modules. This has been
done at the prime 2 [Rez08], and at the prime 3 [Zhul2].

9.18. The Koszul complex for rank one modules. Suppose that M = L, and N = Lg
for some «, € Ay with oo, 5/ € Ay. If we write x € M and y € N for the generators, we
have

AOQCO(M7N>:HOH1AO(M’N)’ ff—)(l‘f—>fy),
Ay 5 C1(M, N) = Homy, (M, A1 ® 4, N), g (x—=g®y),
A1 /Ay = C3H(M,N) = Hom 4, (M, *(Ay/sAy)* @4, N), his (x> hQy).

With respect to these identifications, the Koszul complex of §9.5 takes the form
Ao 2 Ay By Ay /A,
with coboundary maps
do(f) = f'B—fa,  di(g)=g'B+gd

(Verify: di(do(f)) = (f'8 — fa) B+ (f'5 — fa)a’ = U(f)F'8 — fola € Ap.)

Suppose g € A; is such that ¢'8 + go/ € s(Ap), and so corresponds to a 1-cocycle
representing a class in Ext}.(Lq, Lg). The corresponding extension 0 — Lg — E — Lo, — 0
can be constructed as follows: set £ = Agy @ Apx, with y the image of the standard generator
of Lg, and so that = projects to the standard generator of L,. Then the I'-module structure
on F is defined by

Ply)=p®y, Px)=¢g®y+a®u.
The cocycle condition ¢'f + ga € s(Ap) is exactly the condition that E is a I'-module. In
this case the map ¥: E — FE is given by

U(y) = p'By, U(z)=(¢'8+ga)y+daz.
10. CALCULATION OF Extf(w™, nul)

Fix a standard supersingular curve Cy over k£ C Fj 2. Recall that w is the I-module of
invariant differentials, and that nul is the ['-module with “trivial” I" action, defined in §9.6.
We also use the notations introduced in §9.15.

10.1. Theorem. We have that
Extf(w™,nul) = 0 forallm >0, s # 2,

and
Exti(w™, nul) & A;/(s(Ap), 0™ A}).

Recall that Homp(nul, nul) &~ Ay, so these Ext-groups are natuarlly Ag-modules.
Recall that w™ ~ Lym, and nul ~ Ly. The Koszul complex C*(w™, nul) thus takes the form

Ao L Ay 25 A /A,

with
do(Oé) = —Oébm, dl(ﬁ> = 5b/m
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That is, Ext} (w™, nul) is the cohomology of the complex

Ay =25 4, 25 44 /A,.
We need two facts.
(1) Multiplication by p gives an injective map A; — Aj.
(2) Multiplication by 0™ gives an injective map Ag/(p) — A1/ (p).

Fact (1) is clear, since A; is a free Ap-module. Fact (2) follows using the identifications
Ao/ (p) =~ k[a] and A;/(p) = A1/(p,b) xr A1/(p,V) =~ k[V'] x k[b] described above; with
respect to these, multiplication b™ is given by which we can use to identify the map with

(f(¥), f(0F)) ifm =0,
0, FBP)b™)  if m > 1.

In either case the map is injective. (Note that b: A;/(p) — A1/(p) is not injective, since
b'b = —p.)

fa) — (FO)O™, f(07)0™) = {

10.2. Case of m = 0. In this case, the sequence A N Ay N Ay /Ap is manifestly exact.
Thus Ext (1, nul) = 0.

10.3. Case of m > 1. Because p is not a zero-divisor in Ay, and 0™ = (—p)™, we have
that dy: Ay — A; is injective.

Now suppose g € C* = A; is such that d;(g) = 0. That is, ¥™g = f for some (necessarily
unique) f € Ag. Thus
We claim that f/p™ € Ag. It suffices to show that if 0™ f € pA;, then f € pAy, in which case
the claim is proved by induction on m. The statement to be proved is precisely fact (2) above.
Thus we have shown that if g € C! is a cocycle, then g = —b™k = dy(k) for some k € A,.

It is now clear that Extf(w™, nul) ~ A;/(s(Ag), ™ A,).

11. CALCULATION OF Ext}(det ® w™! w™)

We fix a standard supersingular curve Cy over k C F 2. We write Cy/F,, for its base change
to the algebraic closure. The module w™! ® det was defined in §9.6.

11.1. Proposition. For Cy and s,m > 0, we have that
Ly ifs=1=m,

Exti(w™ @ det,w™) ~
Xt ) {O otherwise.

Recall that Ext}(M, N) = H*C*(M, N) when M is projective over Ay. In our case, each
C*(M, N) is a p-complete torsion free abelian group, and the coboundary maps are Z,-module

maps. The proposition will follow once we show that
Zlp ifs=1=m,
0 otherwise.

H*(C*(w™' @ det,w™) ® Z/p) ~ {

In the remainder of this section, we give the proof.
Choose a basis u € wg, and an adapted parameter a € W, k[a]. We have Ay = W, k[a]
and A; = W, k[b,¥']/(bb' + p), and thus Ay = W,F,[a] and A, = W,F,[b,V']/(bb + p).
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Recall that det @ w™! ~ L_y, and w™ & Lym. The Koszul complex C*(det ® w™!, w™) thus
takes the form
A, & A, & A, /Ao
with
do(f) = f'0" + fV, di(g) = g'b™ — gb.
Using the isomorphisms A, /(p) ~ F,[V'] X, F,[b] and A;/(p, Ay) = bF,[b], the mod p
reduced complex C*(det ® w™!,w™) ® Z/p has the form

F,[a] > F,[b'] x5, F,[b] < bF,[0]

with differentials
do: fla) — (F)V, FO(b)6™)
di: (g (1), g2(b) — gi" (D)B™ — ga (D)

when m > 1, and differentials

do: f(a) — (fOOP) + F(O), FO(b))
di: (gi(V), ga(b)) — g\ (B) — g2(0)b — 3" (17)
when m = 0.

11.2. Mod p calculation, m = 0. It is clear in this case that dj is injective, so H'(CQZ/p) =
0.
Suppose (g1(V'), ga(b)) € F,[V'] XF, F,[b] is a cocycle; i.e., g1(0) = go(0) in F, and g%l)(b) =

g2(b)b + gél)(bp) in bF,[b] = C?> ® Z/p. We compute that
Ao g5 (a) = (92(07) + g5 ()Y, 2(0)) = (61 (¥), 92(0)).
whence H'(C ® Z/p) = 0.
Let h(b) € bF,[b]. We compute that
dy: (REV 1), 0) — h(b),
whence H*(C ® Z/p) = 0.
11.3. Mod p calculation, m = 1. It is clear in this case that d is injective, so H*(C®Z/p) =

0.

Suppose (g1(V), g2(b)) € F,[¥] XF, F,[b] = C'®Z/p is a cocycle. That is, g1(0) = g2(0) and
g ()b = ga(b)b in bF,[b] = C2®Z/p, which implies that ga(b) = ¢\" (b). If g1(0) = go(0) = 0,
then we compute

do: gi(a)/a — (g1(t)), 91" (0)). -
Thus, every 1-cocycle in C!' ® Z/p is cohomologous to one of the form (A, \) with A € F,,, and
such an element is a cocycle if and only if A = A, i.e., if A € F,.
Thus H'C®Z/p ~ Z/p. Note that this argument has constructed an explicit homomorphism
p: Exti(w™! @ det,w) — F,,

computed on cocycles by p((g(b'), gM (b)) = g(0); see §11.5 for a geometric interpretation of
p-
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Let h(b) € bF,[b] ~ C?> ® Z/p. If h(b) € b*F,, then we compute that
dy: (0,—h(b)/b) — h(b).
Thus, every 2-cochain in C? ® Z/p is cohomologous to one of the form ub with pu € Fp. Since
for A € F, we have
dy: (A A) — (AP = X\)b.
We can choose A € F, so that A’ — X\ = p, and hence H*(C ® Z/2) = 0.

11.4. Mod p calculation, m > 2. This is similar to (but easier than) the m = 1 case.
Clearly d° is injective, so H*(C ® Z/p) = 0.

If (g1(V'), g2(b)) € C' ® Z/p is a cocycle, then we have go(b) = g{”(b)b™1. This implies
that ¢1(0) = ¢g2(0) = 0. Thus

do: gr(a)/ar— (g (). 9" (D)0 Y),
showing that H'(C ® Z/p) = 0. B
If h(b) € bF,[b] ~ C*> ® Z/p is such that h(b) € b*F,[b], then
di: (0, —h(b)/b) — h(D).
In addition, for pu € Fp we have
dy: (g, —p 4 (PO ) = fPU" = (= PO )b = pb.
Thus H*(C® Z/p) = 0.

11.5. More on Ext{(w™! ® det,w). According to our identification of the Koszul complex,
a 1-cocycle in C' = C'(w™! @ det, w) is a homomorphism ¢: det @ w™ — %18@% w, given by

gu ™) = A®u, A€ A, such that (N — A\)b € s(Ay),

where u € w is our chosen basis, v € det is the standard basis, and P(u) = b®u. In particular,
A € A, such that A = ) gives an example of a 1-cocycle. In particular, any A € Z, C A,
represents a 1-cocycle, and according to our calculation these cocycles represent all elements
in Ext!.

Note that the 1-cocycles we have just described depend on a choice of basis u for wg, C wg, .
The dependence of the cohomology class of g on the choice of basis element u seems difficult
to unravel; it is hard to determine when explicitly given cocycles are cohomologous. However,
modulo p we can say something.

Consider an extension 0 - N — E — M — 0 of I'-modules. Evaluating this extension
at the Frobenius endomorphism Frob: Cy — ¢*Cy of Cy/F, gives a commuting diagram of
Fp—vector spaces

0—F,™®4 N —F,"" 05 E—TF," @7 M —0
lN(FrobCO) lE(Froero) lM(FrobCO)
0—F,"®z N—F, %3 E——F," @z M ——0

where my: A; — Fp classifies C /Fp together with its unique p-subgroup, and ¢ is the pth
power map. (We are implicitly using the identification of I'-modules with p-isogeny modules,
as described in §4.5.)
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In the case that both N (Frobg ) = 0 and M(Frobg,) = 0, then E(Frobg, ) factors uniquely
through an Fp—vector space homomorphism

p(E): F,P™ @45 M —F,®4 N.
If such an extension is classified by a 1-cocycle g: M — th@g() N, then p(F) is precisely

the unique map fitting in the square

M—2 A @y N

¢W0®idl j(wo@id

¢ T
Fp 0®A0 Mmlﬁ‘p O®ZO N.
In our case that M = w ® det™* and N = w, this invariant £ ~— p(E) coincides with the
explicit homomorphism p: Exty(w™ ® det,w) — F, described in §11.3.
For an elliptic curve C'/S, there is a canonical extension of locally free coherent sheaves
over S of the form

0= H(Q¢)5) = Hap(C/S) = H'(Ocys) = 0
associated to the “algebraic Hodge to de Rham spectral sequence”, with H O(Qlc /s) R We/s
and H'(O¢/s) = WE}S (see [Kat73, §A1.2]). Since the spectral sequence is functorial with
respect to maps of schemes over S, and hence with respect to isogenies, we may apply it to

the case of the universal deformation of a supersingular curve Cy/k to obtain a canonical
Hodge extension

0 — w — Hig(Cuniv/ Spec Ag) — w™t @ det — 0

of I'-modules. The I'-module structure on H'(O¢/s) can be deduced from the Serre du-
ality map H°(Q,q) @ H'(Ocys) — H'(Q¢,g) and the observation that as a I-module,
HY Q4 rspec 40) = Hip(Cuniv/ Spec Ag) ~ det.

According to [Kat77, Lemma 1], for an elliptic curve C'/S over an F,-scheme S, the image
of Frob*: H},(¢*C/S) — H}n(C/S) is locally free of rank one, with cokernel also locally free
of rank one. It follows that specialization of the “Hodge extension” at the Frobenius isogeny
of Cy/k gives a non-trivial invariant p € Z/p. Thus, we may conclude that the “Hodge
extension” presents a generator of Exty(w™! ® det,w).

11.6. A calculation of ['-ring maps. It is convenient to give in this section a computation
of the set of T-algebra maps
7T*(E VAN ZTZ)K(Q) — . E.

Since these are concentrated in even degree, and are p-torsion free, by (2.4) this amounts to
computing maps of I'-rings

Ao[t,til];\l — Ao.
The I'-ring structure on the left is given by P(t) = tP.

Recall that for a perfect field k£ there is a bijection

{c€ (WE) | (c) =} = k.

Elements on the left-hand side are called Teichmuller lifts of units in k.
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11.7. Proposition. Elements f € A such that t(f) = s(f)P are precisely the the Teichmuller
lifts in Wk* C Ay . Thus, there is a bijection

T(’/T*(E VAN EfZ)K(g),W*E) =k

Proof. Tt is clear that Teichmuller lifts ¢ € Wk satisfy the condition, since then t(c) = ¢(c) =
cr.

Write Ay = Wk[a], where a € Ay is an adapted coordinate. Suppose f € AJ such that
t(f) = s(f)?. By replacing f = f(a) with f/c, where ¢ is a Teichmuller lift such that ¢ = f(0)
mod p, we reduce to the case that f(0) =1 mod p.

Working modulo p, and using the usual identification A;/(p) ~ k[V'] Xy, k[b], we have that

st fla) — (f(V), F(07)),
t: fla) — (FO0), £V 0)).
The condition ¢(f) = s(f)? implies
O = fr, fO0) = FER)P.
The first of these is always true, but the second amounts to f®(b) = f@ ("), which cannot
hold for any non-constant power series. Thus we have shown that f(a) =1 mod pA,.
Now assume f(a) = 1+ p* g(a) for some k > 1, g(a) € Ay. The condition t(f) = s(f)?
modulo p**! Ay implies that
t(g(a)) =0 mod pA07
and therefore, by using the formulas for ¢ modulo p, we see that g(a) =0 mod pA,. Iterating
the argument shows that g(a) = 0. O

12. COHOMOLOGY OF AUGMENTED T-ALGEBRAS

In [Rez09], we defined a monad T on Modg,, which encodes the algebraic structure in the
homotopy of K (h)-local commutative E-algebras (see §7). We write T for the category of
T-algebras.

In this section, we will recall the homotopy theory of simplicial T-algebras, an encoded in
a Quillen model category structure on s7’, and we will define the cohomology Hy, (B, M) of
augmented T-algebras, with coefficients in an abelian group object M, which is computed
using an appropriate cofibrant simplical resolution of B.

We will then describe a full subcategory of analytically complete T-algebras. ...

Describe how above cohomology can sometimes be computed with analytically complete
resolutions. Requires model category structure for analytically complete T-algebras.

Set up composite functor spectral sequence. Handle case of analytic completion of smooth
algebra.

12.1. Homotopy theory of T-algebras. We recall some algebraic properties of the monad
T on Modg, .

12.2. Proposition. We have the following.

(1) The functor T commutes with filtered colimits.

(2) The functor T commutes with reflexive coequalizers.

(3) The functor T takes direct sums to tensor products. That is, the evident map T(M) ®
T(N) — T(M & N) is an isomorphism.
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(4) The category T of T-algebras is complete and cocomplete. Limits, filtered colimits,
and reflexive coequalizers are created by the forgetful functor T — Modg, .

(5) Let Fr: Modg, — T denote the free T-algebra functor. If M is a free E,-module,
then the underlying ring of Fr(M) is a free Z/2-graded strongly commutative algebra.

Let sT denote the category of simplicial objects in 7.

12.3. Proposition. There is a cofibrantly generated, simplicial closed model category structure
on ST with the following properties.

(1) Weak equivalences are maps which are weak equivalences on underlying simplicial sets,
(2) Fibrations are maps which are fibrations on underlying simplicial sets.

(3) Cofibrations are retracts of s-free maps.

(4) The model category structure is proper.

Proof. This is largely consequence of [Qui67, §11.4, Thm. 4]. Because reflexive coequalizers in
T are computed in the underlying category Modpg, , the collection Fr(E,), Fr(w'/?)} is what
Quillen calls a set of small projective generator of T, and thus condition (**) of his theorem
is satisfied. Therefore, sT admits a simplical model category structure with the specified
classes of morphisms. Cofibrant generation and the description of cofibrations is implicit in
Quillen’s construction of factorizations.

To show that T is proper, it suffices by [Rez02, Thm. 9.1] to observe that for any finitely
generated free E,-module, the functor sT7 — s7 defined by B — B[] Fr(M) (coproduct in
sT, where Fp(M) is regarded as a constant simplicial object), takes weak equivalences to weak
equivalences. This is because coproducts in 7 are tensor products, and Fp(M) is a strongly
commutative Z/2-graded polynomial ring over E,, and hence flat as an F,-module. 0

We immediately obtain a model category structure on the slice category s7g,, the category
of simplicial objects in augmented T-algebras.

12.4. Cohomology of augmented T-algebras. Recall that there is a category ab 7z, of
abelian group objects in Tg,, which may be identified with the full subcategory of augmented
T-algebras with square-zero augmentation ideal. It will be convenient notationally to indicate
an abelian group object by specifying its augmentation ideal only, so that an object M € ab Tg,
has associated T-algebra F, x M.
There is an adjoint pair

Q:Tg, =abTg, 1 E, x —,

where () takes B — E, to E/EQ, where B = Ker[B — E,].

12.5. Proposition. There is a cofibrantly generated, simplical closed model category structure
on s(abTg,), so that
e weak equivalences and fibrations are those on underlying simplicial sets, and
e the adjoint pair
Q: sTe, = s(abTg,) : B, x —
18 a Quillen pair.
Proof. The model structure is immediate, since ab Tg, is an abelian category with enough

projectives. (Projective generators are given by Q(Fr(M) — E), where M is a free E,-module
and the augmentations sends M to 0.) The existence of the Quillen pair is immediate. [
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Given M € ab7g, and n > 0, let K(M,n) denote the Eilenberg-MacLane object in
s(abTg,) with 7, K(M,n) ~ M. We then define the nth cohomology group of an
augmented T-algebra B with coefficients in an abelian group object M by

def

Hy, (B, M) = h(sTg,)(B, Ex x K(M,n))
~ h(s(ab Tz,)) (LQ(B), K(M,n)).

Here L@ denotes the total left derived functor of QQ: s7Tg, — sab7g,. Note that E, x
—: sabTg, — sTg, computes its own total right derived functor, since all objects in sab Tz,
are fibrant.

This description immediately implies a composite functor spectral sequence.

12.6. Proposition. There is a first quadrant spectral sequence of the form
Extl, 7, (LiQ(B), M) = H7' (B, M),

Ex

where L;Q(B) = mLQ(B) denote the derived functors of the indecomposables functor Q.

12.7. Analytic completion. We need to incorporate analytic completion into our story.
We write A: Modg, — Modg, for the analytic completion functor with respect to the the
sequence p, Uy, ..., U,_1 € Fy, defined by

A(M) def Mlzo, ..., xn1]/(xo — Py 21 — U1, ..o, Tpoq — Up_1)M[z0, ..., 20_1].

It comes with a natural unit map n: M — A(M), and a natural comparison map A(M) — M},
to the m-adic completion of M, factoring the usual map M — M. By construction, the
functor A is right-exact, and commutes with arbitrary products.

12.8. Proposition. If M is regular for the sequence p,uy, ..., u,_1, then the comparison map
A(M) — M is an isomorphism.

As a consequence, A is isomorphic to the Oth left derived functor of m-adic completion,
typically denoted Ly. e

Say that an F,-module is analytic if n: M — A(M) is an isomorphism. Let Modg, C
Modg, denote the full subcategory of analytic modules.

12.9. Proposition. The analytic completion functor A takes values in the full subcategory
Modg, of analytic objects, and thus provides the left-half of an adjoint pair

A: Modg, 2 I\Z&iE* sancl.
The category I\Zo\dE* has enough projectives, and is complete and cocomplete. Furthermore,

the inclusion functor Modg, — Modg, commutes with finite colimits and arbitrary limits.

Say that M € Modg, is tame if Ly A(M) ~ 0 for k > 1, where LA denote the left-
derived functors of A: Modg, — Modg,. (These coincide with the left-derived functors of

A: Modg, — I\Z&LE*7 since the inclusion functor is exact.)
12.10. Proposition. Flat E,-modules are tame. Analytic E,-modules are tame.
Let sModg, denote the category of simplicial E,-modules.

12.11. Proposition. Let M be an object of sModg, which is (i) degreewise tame, and (ii)
is such that w,M 1is analytic. Then n: M — A(M) is a weak-equivalence of simplicial
E,.-modules. flat.
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Proof. This is immediate from the evident spectral seqeunce Ey’ = Ly A(m; M) = m; j A(M),
which is defined because M is degreewise tame. 0

The connection to homotopy theory is given by the following.
12.12. Proposition. Let M € M be an E-module spectrum. Then M is K(h)-local if and
only if m,M 1is analytic.

12.13. Analytic T-algebras. Consider the natural map ATn: AT — ATA of functors
Modg, — Modg,. The following says that the functor T is in some sense compatible with
analytic completion.

12.14. Proposition. The map ATn: AT — ATA is an isomorphism.
Proof. Proved by Barthel and Frankland [BF13]. |

Let 7 C T denote the full subcategory of T-algebras whose underlying FE,-module is
analytic.
12.15. Proposition. There is an adjoint pair

Ar: T2 T incl,

with the property that on underlying E,-modules, the left adjoint A coincides with analytic
completion of E,-modules.

Proof. Given a T-algebra (B,: TB — B), we define a T-algebra A7(B) to be
(AB,¢: TAB — AB), where 1 = (At) o (ATn)~' on. It is straightforward using (12.14) to
show that this is in fact a T-algebra, and that n: B — AB defines a T-algebra map. 0
In particular, the analytic completion of a T-algebra is canonically a T-algebra. From now
on we will write A: 7 — T for Ay, and A: T — T for the composite of A with inclusion.
The above story descends to abelian group objects in augmented T-algebras. Recall the
indecomposable quotient functor Q: Tz, — ab7Tg,.

12.16. Proposition. The map AQn: AQ — AQA is an isomorphism.
Proof. We have a diagram

B® B s B Q(B) —0
lné@n ln lQ(n)
AB® AB AB Q(AB) ——0

with exact rows. After appyling A to this diagram, the rows remain exact. The map A(n) is
clearly an isomorphism, and the map A(n ® n) is an isomorphism by [HS99, 777]. O

Let ab ’7A‘E* denote the full subcategory of ab Tz, whose underlying F,-module is analytic.

12.17. Proposition. There is an (up to isomorphism) commutative square of adjoint pairs,
whose left adjoints are

AT -~
Te, —— Tk,

|

ab E* E— ab ,?\—E*
A
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12.18. Homotopy theory of analytic T-algebras. Let sT denote the category of simpli-
cial objects in 7, which may be identified as a full subcategory of s7.

12.19. Proposition. There is a simplicial closed model category structure on sT with the
following properties.

(1) Weak equivalences are maps which are weak equivalences on underlying simplicial sets.
(2) Fibrations are maps which are fibrations on underlying simplicial sets.
(3) Cofibrations are maps which are retracts of s-free maps.
(4) The adjoint pair
Ar: sT = sT :incl
1s a Quillen pair.
(5) The map of derived functors LAr o Rincl — 1Id is an isomorphism. Thus,
Rincl: h(s'?\') — h(sT) is fully faithful, with essential image the full subcategory
of h(sT) consisting of simplicial T-algebras B such that 7, B is analytic.

The above descends to abelian group objects. Thus, let ab ’7};* denote the category of
abelian group objects in Tz, whose underlying F,-module is analytic.

13. MAPPING SPACE SPECTRAL SEQUENCE

Define a good resolution of a K (h)-local commutative E-algebra (i.e., simplicial resolution
built from K (h)-localization of free algebras on free E-modules). Use to construct mapping
space spectral sequence, and identify Fs-term as cohomology.
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