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THE UNITS OF A RING SPECTRUM
AND A LOGARITHMIC COHOMOLOGY OPERATION

CHARLES REZK

1. INTRODUCTION

Recall that if R is a commutative ring, then the set R* C R of invertible elements
of R is naturally an abelian group under multiplication. This construction is a
functor from commutative rings to abelian groups. In general, there is no obvious
relation between the additive group of a ring R and the multiplicative group of
units R*. However, under certain circumstances one can define a homomorphism
from a subgroup of R* to a suitable completion of R, e.g., the natural logarithm
QZ, — R, or the p-adic logarithm (1 + pZ,)* — Zj,.

The “logarithmic cohomology operation” is a homotopy-theoretic analogue of
the above, where R is a commutative S-algebra and “completion” is Bousfield
localization with respect to a Morava K-theory. The purpose of this paper is
to give a formula for the logarithmic operation (in certain contexts) in terms of
power operations. Before giving our results we briefly explain some of the concepts
involved.

1.1. Commutative S-algebra. A spectrum is a topological object which repre-
sents a generalized homology and cohomology theory. A commutative S-algebra
is a spectrum equipped with a commutative multiplication; such a spectrum gives
rise to a cohomology theory which has a commutative product, as well as power
operations. Just as any ordinary commutative ring is an algebra over the ring Z of
integers, so a commutative S-algebra is an algebra over the sphere spectrum S.

The definition of commutative S-algebra is rather technical; it is the result of
more than twenty years of effort, by many people. There are in fact several different
models of commutative ring spectra: the commutative S-algebra in the sense of
[EKMMO97], or a symmetric commutative ring spectrum in the sense of [HSS00], or
some other equivalent model. These models are equivalent in the sense that they
have equivalent homotopy theories; for the purpose of stating results it does not
matter which model we use.

1.2. Power operations. A spectrum R which admits the structure of a commu-
tative ring up to homotopy gives rise to a cohomology theory X — R*(X) taking
values in graded commutative rings. The structure of a commutative S-algebra on
R is much richer; it provides not just a ring structure on homotopy groups, but
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also power operations, which encode “higher commutativity”. Let X,, denote
the symmetric group on m letters, and let BY,, denote its classifying space. If R
is a commutative S-algebra, there are natural maps

Pn: R°(X) — R°(BY,, x X),

with the property that the composite of P,, with restriction along an inclusion
{x} x X — BY,, x X is the mth power map a — a™ on R°(X). In other
words, for a commutative S-algebra, the mth power map is just one of a family of
maps parameterized (in some sense) by the space BY,,. An exposition of power
operations and their properties can be found in [BMMS86].

For suitable R, one can construct natural homomorphisms of the form

p: R°(BY,, x X) — D ®po R*(X),
where D is an R%-algebra, and so get a cohomology operation of the form
op: RO(X) 22 RO(BS,, x X) £ D ®@po RO(X).

Such functions op are what are usually called power operations.

For instance, the Eilenberg-Mac Lane spectrum H R associated to an ordinary
commutative ring R is the spectrum which represents ordinary cohomology; when
R = F,, the power operations are the Steenrod operations. Topological K-theory
spectra, both real and complex, admit a number of power operations, including
the exterior power operations A\* and the Adams operations 1¥. Other theories
of interest include some elliptic cohomology theories, including the spectrum of
topological modular forms [Hop02]; bordism theories, including the spectrum MU
of complex bordism.

1.3. Formal groups and isogenies. Recall that a multiplicative cohomology
theory is complex orientable if R*(CP™) is the ring of functions on a one-
dimensional commutative formal group. (In this paper, all formal groups are com-
mutative and one-dimensional.)

If R is a commutative S-algebra whose associated cohomology theory is complex
orientable with formal group G, and op is a power operation on R which is a ring
homomorphism as above, then

R%(CP*>°) — D ®po R°(CP>)

is a homomorphism i*G — G of formal groups; here i: R® — D is a map of rings,
and ¢*G is the formal group obtained by extension of scalars along ¢. For example,
complex K-theory is complex orientable, and K°(CP*) is the ring of functions on
the formal multiplicative group Gm; the Adams operation ¢* corresponds to the
k-th power map Gm — G‘m.

The philosophy is that power operations (of degree m) on a complex orientable
commutative S-algebra R should be parameterized by a suitable family of isogenies
(of degree m) to the associated formal group. This philosophy is best understood
in the case of Morava E-theories, which we now turn to.

1.4. Power operations on Morava E-theory. Fix 1 < n < oo and a prime p.
Let k be a perfect field of characteristic p, and I'g a height n formal group over k.
Such a formal group admits a Lubin—Tate universal deformation [LT66], which is a
formal group I' defined over a ring

O~ Wkfuy, ..., un_1];
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WE is the ring of p-typical Witt vectors on k. Morava FE-theory is a 2-periodic
complex orientable cohomology theory with I' as its associated formal group; thus
7. B ~ Olu,u!] with O in degree 0 and u in degree 2. The Hopkins—Miller theorem
(see [GHO4], [RR0O4]) states that Morava E-theories admit a canonical structure of
a commutative S-algebra.

Power operations for Morava E-theories were constructed by Ando [And95];
see also [AHS04]. These operations are parameterized by level structures on the
associated Lubin—Tate universal deformation. To each finite subgroup A of the
infinite torsion group A* ~ (Q,/Z,)™ is associated a natural ring homomorphism
Wa: E9X — D ®pgo E°X, where D is the Ey-algebra representing a full Drinfel’d
level structure f: A* — ¢*I'; the ring D was introduced into homotopy theory in
[HKROO]. The associated isogeny i*G — G has as its kernel the subgroup generated
by the divisor of the image of f|4 in i*G.

An expression in the ¥ 4’s which is invariant under the action of the automor-
phism group of A* descends to a map E°X — E°X (see fLI2 below). When n = 1
and F is p-adic K-theory, then ¢4 = ¢ for A~ Z/p" C A* ~ Qp/Z,. A precise
definition of the operations 4 is given in §IT.71

1.5. Units of a commutative ring spectrum. To a commutative S-algebra R
is associated a spectrum gl; (R), which is analogous to the units of a commutative
ring (see §2). The O-space of the spectrum gl (R) is denoted GL;(R), and it is

equivalent up to weak equivalence with a subspace of Q>°R.

Write H1(X; E) e E%(X) for a space X and a spectrum E. Then gl, (R) gives

a generalized cohomology theory which, in degree ¢ = 0, is given by
H°(X;gli(R)) = (R°(X))™.
The higher homotopy groups for the spectrum gl; (R) are given by
7y gl (R) = H(S% gly (R)) = (1+ R°(S")* C (R($")%, ¢ >0.

In particular, there is an isomorphism of groups m, gl, (R) ~ w4 R for ¢ > 0, defined
by “1+x — 2”. This isomorphism of homotopy groups is induced by the inclusion
GL1(R) — QR of spaces, but not in general by a map of spectra.

The main interest in the cohomology theory based on gl (R) is that the group
H'(X;gl,(R)) contains the obstruction to the R-orientability of vector bundles
over X, according to the theory of [May77]. The present paper was motivated
by one particular application: the construction of an MO(8)-orientation for the
topological modular forms spectrum. This application will appear in joint work
with Matt Ando and Mike Hopkins.

1.6. K(n) localization. Let F' be a homology theory. Bousfield F-localization
consists of a functor Ly on the homotopy category of spectra, and a natural map
tx: X — LpX for each spectrum X, such that ¢ x is the initial example of a map of
spectra out of X which is an Fj-homology isomorphism [Bou79)]. Distinct homology
theories may give rise to isomorphic Bousfield localizations, in which case they are
called Bousfield equivalent.

Given a Morava FE-theory spectrum, there is an associated “residue field” F,
a spectrum formed by killing the sequence of generators of the maximal ideal
m = (p,u1,...,up—1) in mE, so that m.F =~ k[u,u~!]. The spectrum F is not
a commutative S-algebra, although it is a ring spectrum up to homotopy.



972 CHARLES REZK

The Bousfield class of F' depends only on the prime p and the height n of the
formal group of F, and this is the same as the Bousfield class of the closely related
Morava K-theory spectrum K(n). (The spectrum F' is isomorphic to a finite direct
sum of suspensions of K (n).) Asis standard, we will write L, for the localization
functor associated to any of these Bousfield equivalent theories.

In many respects, K (n)-localization behaves like completion with respect to the
ideal m C O. In particular, K (n)-localization allows us to define a modification of
the homology functor F, associated to a Morava E-theory, called the completed
E-homology E.* and defined by

def

ENX) S 7 (Lo (X A E)),

This functor takes values in complete F,-modules; if E,X is a finitely generated
E.-module, then F(X) ~ (FE.(X))a. See [HS99, §8] for a discussion of K (n)-

m
localization and completed homology.

1.7. The logarithmic cohomology operation. For each commutative S-algebra
R, there is a natural family of “logarithm” maps from gl; (R) to various “comple-
tions” of R. For each prime p and n > 1, there exists a natural map

gmp: gll (R) - LK(n)R

This map is defined using the construction due to Bousfield and Kuhn [Bou87],
[Kuh89], which is a functor ®,, from spaces to spectra, with the property that
©,0%°(X) = Lgn)X for any spectrum X. If R is a commutative S-algebra, the
spaces Q gl; (R) and Q°° R have weakly equivalent basepoint components, and so
the Bousfield-Kuhn construction gives an equivalence Lg ) gl;(R) = L )R of
spectra. The map ¢, , is the composite

gl (R) 19, Lk (ny gl (R) = L @n)R.

The construction of ¢, ,, is described in detail in §31
The map 4, , gives a natural transformation of cohomology theories, and thus
for any space X a group homomorphism

byt (R°X) — (LgmR)*(X),

natural as X varies over spaces and R varies over commutative S-algebras.

The purpose of this paper is the computation of this “logarithmic” map in terms
of power operations, when R is a reasonable K (n)-local commutative S-algebra. It
is convenient to consider the cases n = 1 and n > 1 separately, though the proof
for n =1 is really a corollary of the general case.

1.8. The logarithm for K(1)-local spectra. Let p be a prime, and let R be
a K (1)-local commutative S-algebra, satisfying the following technical condition:
the kernel of moLg(1)S — moR contains the torsion subgroup of moL g (1)S. This
condition is always satisfied if p > 2 (since 7oL (1)S is torsion free for odd p), and
is satisfied at all primes when R is the p-completion of the periodic complex or real
K-theory spectra, or if R is the K(1)-localization of the spectrum of topological
modular forms.

Such a ring R admits canonical cohomology operations ¢ and 6 such that (in
particular) ¢ is a ring homomorphism, and for x € R°X,

P(x) = a¥ + pb(x).
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(See I31) When R is the p-completion of real or complex K-theory, then ¢ is the
classical pth Adams operation P.

1.9. Theorem. Let p be any prime, and let R be a K(1)-local commutative S-
algebra, satisfying the technical condition above. For a finite complex X, the loga-
rithm €1 ,: (R°X)* — ROX is given by the infinite series

ot = S (1)

k=1

which converges p-adically for any invertible x, and so is a well-defined expression.

Note that the series can be formally rewritten as

1= ) ()

and that this new expression is still meaningful, up to p-torsion. Since a? /¢(x) =1
mod p for invertible x, this can be written as

01 () = (id —}Dwaog(x)),

which is meaningful (up to p-torsion) when x — 1 is nilpotent. If x = 1 + € with
€2 = 0, then the formula of Theorem becomes

lp(l+e)=€c—0(e) =€— %@[1(6)

The proof of Theorem [T is given in §I3] as a corollary of Theorem [L.TT] below.

1.10. The logarithm for Morava E-theory. For general n > 1, we give a result
for Morava E-theory, in terms of power operations. We have

1.11. Theorem. Let p be any prime, n > 1, and let E be a Morava E-theory

associated to a height n formal group law over a perfect field of characteristic p.
Then the logarithm £, ,: (E°X)* — E°X is given by

oo p —1 1
= (-1k! M(:c)k = ~log(1+p-M(z)),
k=1 p

where M : E°X — EOX s the unique cohomology operation such that

L+p M(x H(Hm )

ACA*[;D
|Al=p’

(—1)ipli—1G=2)/2

Here A*[p] C A* denotes the kernel of multiplication by p on A*.

In the case when n = 1, then 1+ p- M(x) = 2P /vz,,(z), and thus we recover
the result for K-theory.
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1.12. Interpretation in terms of Hecke operators. Define formal expressions
T} p for 0 < j <nand T(p*) for k > 0 by

1 1
L™ 5 3 s and TGN =5 3

ACA*[p] ACA”

|A|=p |A|=p*
these give rise to well-defined additive operations E°X — p~ ' E°X, which we call
Hecke operators. The T'(p*) operators can be expressed as polynomials in the T;p
operators, and there is an action of the commutative ring H,, , = Z[T1 p, .-, DTn,p)
on p~1EYX. (An account of this action is sketched in §I4l)

Formally, we can rewrite the expression in Theorem [[.11] as

lp(@) = Fi(log2)

(using the fact that log takes products to sums and that the 1 4’s are ring homo-
morphisms), where

Fx = Z(_l)jpj(jil)/sz,p X7 e Hn,p[X]~
j=0

In particular, if z = 1 + ¢ € (E°X)* with €2 = 0, then ¢, ,(1 + €¢) = Fi(e) (up to
torsion).
The formal operator inverse of Fx is

Fet =Y "1k - X* € H,,[X],
k=0

and both these expressions appear in the theory of automorphic forms. Namely,
if f is an eigenvector of the action of the algebra H, , on a space of automorphic
forms, then F;_lsf = L,(s; f)f, where L,(s; f) = > axp** is the p-th Euler factor
of the Hecke L-function of f, and F,-.f = (1/Ly(s; f))f, so that 1/L,(s; f) is a
polynomial of degree n in p~*. (See [Shi71l 3.21].)

It is notable that this expression from the theory of L-functions arises naturally
from a purely topological construction; it came as a surprise to the author, and
he still has no good explanation for it. It is also significant for the application
to elliptic cohomology; in the presence of an elliptic curve, these Hecke operators
coincide with the classical action of Hecke operators on modular forms.

1.13. Structure of the proof. The proof of Theorem [[.T]] falls naturally into two
parts.

First part. The logarithm is equal to a certain power operation in E-cohomology,
corresponding to a particular element v € ESQ>S, the completed E-homology of
the 0-th space of the sphere spectrum (Theorem [£.8). Furthermore, the element v
(the “logarithmic element”) is completely characterized by certain algebraic prop-
erties (Theorem @.3]). The proof of the first part comprises §§4HI

Second part. An element v € E{Q°S is constructed and shown to be a log-
arithmic element (Proposition [[233)). The explicit form of v gives the formula of
Theorem [[LTIl The proof of the second part comprises §§I0HIZ

The proof of Theorem [[L11]is completed in §12.41
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1.14. Conventions on spaces and spectra. We write Spaces for a category
of “spaces” (such as topological spaces or simplicial sets), and Spaces, for based
spaces. We write Spectra for any suitable category of spectra. Most of this paper
takes place in suitable homotopy categories of spaces or spectra; therefore, we will
usually not specify a particular model. There are exceptions, namely §2] (where we
refer to the model of [LMSMS6]) and §0l (where we use the model of [BE7S]).

By commutative S-algebra, we mean any suitable category of commutative ring
objects in spectra (e.g., the model of [EKMMO97], or any equivalent model; see
[MMO02]). In §2] we will use the particular model of algebras over the linear isome-
tries operad, in the sense of [LMSMSG].

There are pairs of adjoint functors with units and counits

(—)+: HoSpaces = HoSpaces, : (—)—, prx: K — (K+)-, qx: (K_); — K,
where K ~ K Il pt, and K_ ~ K with the basepoint forgotten,
3°°: HoSpaces, = HoSpectra : 2, ng: K — Q®XCK, ex: X°0"X — X,
and

Y5 : HoSpaces = Ho Spectra : 2, n}: K — Q¥YTK, e}: LPO°X — X,
so that XK ~ ¥>°(K) and QX ~ (2°X)_. Also, note that X*°(X AY) ~

XX ANE®Y, while X (X X Y) = XX AXFY; we will use these identifications
often.

1.15. Conventions on localization. When n > 1 and the prime p are fixed, we
write L = Ly y) for the Bousfield localization functor, and write tx: X — LX for
its coaugmentation.

We make the following convention for the sake of legibility: in general we do
not specify the augmentation ¢x. Thus, if f: X — Y is a map of spectra, the
notation “Lf: X — LY” is understood to denote the composite of Lf: LX — LY
with the coaugmentation ¢tx: X — LX. Note that little information is lost, since
Lf: LX — LY is in fact the unique factorization of X — LY through tx up to
homotopy.

Likewise, if f: X AY — Z is a map, the notation Lf: X A LY — LZ denotes
the unique extension of X AY — LZ along the map X AY — X ALY (which is a
K (n)-homology equivalence).

If R is a K(n)-local spectrum, we write

RIX Y r,L(XAR), RXY[X %R

Both functors R? and R} take K(n)-homology isomorphisms to isomorphisms.

2. THE UNITS OF A COMMUTATIVE RING SPECTRUM

In this section, we describe the wunits spectrum of a structured commutative
ring spectrum. The notion of the units of a commutative S-algebra has a long
history, paralleling the long history of constructions of structured ring spectra.
The notion was introduced in part to explain the relationship between the infinite
loop space Q>S5 ~ |J,, map,(S™,S™) associated to the sphere spectrum and the
infinite loop space space F' = (J,, haut(S™, S™) of stable self-homotopy equivalences
of the sphere. These two spaces have weakly equivalent connected components, but
very different infinite loop space structures. The solution, which was first proved in
[May77] as corrected in [May82], is that the infinite-loop space F should be regarded
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as the “group of multiplicative units” of the sphere spectrum viewed as a ring
spectrum, and that this is a special case of a general construction, which associates
an infinite-loop space of units to any suitable “FE,.-ring”. There is another approach
for constructing the units spectrum due to Woolfson [Woo79], based on Segal’s
theory of I'-spaces.

2.1. Definition of the units spectrum. Let R be a commutative ring spectrum
in the sense of [LMSMS8G6], i.e., a spectrum defined on a universe and equipped with
an action of the linear isometries operad £. Then R(0) = Q°°R, the 0-space of the
spectrum R, is itself an algebra over £. Let GLi(R) C QR denote the subspace
of 2°°R defined by the pullback square

GL(R) L= Q>R

|

(ﬂ'OR)X — moR.

We write 0: GL1(R) — Q*°R for the inclusion. Then GL;(R) is a grouplike Eoo-
space, and so by infinite loop space theory is the O-space of a (—1)-connective
spectrum, which we denote gl; R. Note that the identity element of GL;(R) is not
the usual basepoint of Q°R.

The construction which associates R +— gl; R defines a functor Ho S-alg —
HoSpectra. (It can be lifted to an honest zig-zag of functors between underlying
model categories; we don’t need this here.)

2.2. Ezample. Let R = S. Then GL(S) ~ G, the monoid of stable self-homotopy
equivalences of the sphere.

2.3. Ezample. Let R = HA, the Eilenberg—-Mac Lane spectrum associated to a
commutative ring A. Then gl; HA ~ HA*, the Eilenberg-Mac Lane spectrum on
the group of units in A.

The spectrum gl; R defines a cohomology theory on spaces; it is convenient to
write X — H9(X;gl; R) for the group represented by homotopy classes of stable
maps from X°X to ¥X9gl; R. In general, there seems to be no convenient description
of these groups in terms of the cohomology theory R, except when ¢ = 0.

2.4. Proposition. There is a natural isomorphism of groups
H°(X;gl, R) ~ (R°X)*.
Furthermore, if X is a pointed and connected space, then this isomorphism identifies
H°(X;gl, R) ~ (14 R°X)*.
In particular, if we take X = S* for k > 1, we obtain isomorphisms of groups
mr(gl, R) ~ H°(S*;gl, R) =~ (1+ R°S*)* ~ R°(S*) ~ mR;

this uses the isomorphism (1+ R°S*)* ~ R0S* defined by 1+ € — € and is realized
by a map of spaces GL1(R) — Q*R.

A main motivation for studying the units is their role in the obstruction to
orientations. For instance, if V' — X is a spherical fibration, the obstruction to
the existence of an orientation class in the R-cohomology of the Thom space is a
certain class w(V) € H'(X;gl,(R)); see [May77, IV ,§3].
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2.5. A rational logarithm. In §3] we will construct a “logarithm” in the K(n)-
local setting, for n > 1. This construction does not extend to the case of n =
0, where “K(0)-local” means “rational”. For completeness, we notice an ad hoc
logarithm in the rational setting; it will not be used elsewhere in the paper.

Let R be a commutative S-algebra, and let Rg denote the rationalization of R;
its homotopy groups are m,Rg ~ (7, R) ® Q. Let (gl; R); denote the 0-connected
cover of the spectrum gl; R.

The group H°(X;(gl; R)1) is equal to the subgroup of (R°X)* consisting of
classes a which restrict to 1 € R%({z}) for each point z € X.

2.6. Proposition. There exists a map y: (gly R)1 — Rg of spectra, unique up to
homotopy, which when evaluated at a space X is a map
H°(X; (gl R)1) — H"(X; R)
given by the formula
o0
a—1)k
o logla) = S (-1t @ DT
—logla) = S (-1
k=1
Proof. The indicated formula is in fact well-defined; convergence of the series follows
because H°(X, Rg) ~ lim H*(X®) Rg), where X(¥) is the k-skeleton of a CW-
approximation to X, and because a — 1 € H°(X, R) is nilpotent when restricted to
any finite-dimensional complex.

Therefore, the indicated formula gives rise to a natural transformation of functors
to abelian groups, and therefore is represented by a map Q2°°(gl; R); — Q*°Rg of
H-spaces. Since Ry is a rational spectrum, it is straightforward to show that this
map deloops to a map of spectra, unique up to homotopy. ([

When X = 8% k>1,and o € EOSk, this gives £o(1 + o) = «; that is, £y is the
“identity” on homotopy groups in dimensions > 1.

3. THE BOUSFIELD—KUHN FUNCTOR
AND THE CONSTRUCTION OF THE LOGARITHM

Fix a prime p and an integer n > 1. Write L = Lg(,) for the localization of
spectra with respect to the nth Morava K-theory, as in §1.15]

3.1. The Bousfield—Kuhn functor.

3.2. Proposition (Bousfield [Bou87], Kuhn [Kuh89], Bousfield [BouOil). There
exists a functor & = ®,,: Spaces, — Spectra and a natural weak equivalence of
functors T: ® 0 Q> =5 L. Furthermore, ®(f) is a weak equivalence whenever
f: X =Y induces an isomorphism on m, for all sufficiently large n.

That is, L: Spectra — Spectra factors through Q°°: Spectra — Spaces,, up to
homotopy.

3.3. Remark. In fact, a stronger result applies. There is a functor ®/ and a natural
equivalence L‘;((n) = &f 0 0>, where Lf( n) is Bousfield localization with respect
to a vy-telescope of a type n finite complex. In fact, the functor constructed in
[BouO1] is ®f, in which case ®,, = L(,)®.

Everywhere in this paper where L ,) and ®,, appear, they may be replaced by
and ®7, including in the key results (Theorems 5.8 and @.3)).

f
Lk (m)
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3.4. The basepoint shift. Let (K, ko) be a pointed space and X a spectrum, and
let f: K — Q°°X be an unbased map. Write j(f): K — Q%X for the based map
defined by
k= (G) (k) = p(f(k),o(f(ko))),

where p: QX x Q°X — OQ*X and ¢: QX — QX are the addition and
inverse maps associated to the infinite loop space structure. Colloquially, (5 f)(k) =
f(k)— f(ko). In terms of the cohomology theory represented by X, this induces the
evident projection X°(K) — X°(K) C X°K to the reduced cohomology summand.

3.5. Construction of the logarithm. For a commutative S-algebra R, we write
0: GL1(R) — Q%R for the standard inclusion, as in §21 It is not a basepoint-
preserving map; however, j0 is.

3.6. Definition. Define ¢ = ¢, ,: gl;(R) — LR to be the composite

209, §(Q*R) ~ LR.

ely (R) — Legl, (R) Z &(GLi(R))
Note that the map ®(j6) is an equivalence, since jf is a weak equivalence on
basepoint components.
This construction (for fixed n and p) gives rise, for each space K and for each
commutative S-algebra R, to a map

¢: (R°K)* — (LR)°K,
which is natural in the variables K and R. It factors through the composite
(R°K)* — ((LR)°K)* & (LLR)°K ~ (LR)°K;

thus, when attempting to calculate the effect of ¢/ on R, it will suffice to assume
that R is already L-local.

4. A FORMULA FOR THE BOUSFIELD—KUHN IDEMPOTENT OPERATOR

The Bousfield-Kuhn functor produces an idempotent operator which turns un-
stable maps between infinite loop spaces into infinite loop maps; the logarithm
of g3 is the result of applying the Bousfield-Kuhn idempotent to the inclusion
0: GL1(R) — Q> R. To derive a formula for the logarithm, we will first give a for-
mula for the Bousfield-Kuhn idempotent. In this section, we do this for a version
of the Bousfield-Kuhn operator ¢ which acts on basepoint-preserving maps. In the
next section, we extend this to an operator ¢ which acts on arbitrary maps; that
form will apply to the logarithm.

For based spaces K, L, we write [K, L], for the set of basepoint-preserving maps
up to homotopy. For spectra X, Y, we write {X, Y} for the the set of maps in the
stable homotopy category.

In what follows, we assume that X and Y are spectra and that Y is an L-local
spectrum, so that 1y : Y — LY is a weak equivalence.

4.1. The Bousfield-Kuhn operator. We define an operator @: [Q2®°X, Q*°Y],
— [Q2*°X, QY ], which sends f: QX — QY to the map obtained by applying
Q% to the composite

X 5 LX ~ 007X 2L 00®Y ~ LY ~ Y.
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The operator ¢ has the following properties, where f, f' € [Q®°X, Q®Y].:

(a) @ is a natural with respect to maps of spectra g: X — X’ and to maps of
L-local spectra h: Y — Y”, in the sense that

F(0ho foQ¥g) = 0%hoFf o 0y,

(b) @ is additive: &(f + ') = @f + @f’, where addition is defined using the
infinite loop structure of QY.
(c) If f=Q>g, then ¢of = f.
(d) @f is an infinite loop map.
In particular, $? = @, and thus the group of stable maps {X,Y} can be identified
with a summand of the group of unstable maps [Q2>°X, Q>*Y]..

Our approach to this operation relies on two facts. First, the fact that all unstable
maps f: QX — Q%Y between infinite loop spaces factor as f = Q®X*°f o
Naw<x, where 2°°X° f is an infinite loop map and ng~ x is the unit of the 3*°—
Q°° adjunction. Therefore, we really only need to understand the effect of the
Bousfield-Kuhn functor on the “universal example” of an unstable map out of an
infinite loop space, which is ng«~x. Second, if QX ~ Q*Y>*°K where K is a
based space, then we can translate the problem of understanding the effect of the
Bousfield-Kuhn functor on 7ng~ys~x to that of understanding its effect on 7g«g;
this is a consequence of the fact that the Bousfield-Kuhn functor can be modeled
as a simplicial functor.

4.2. The natural transformation A. Let Ax: X — LX°°Q°°X be the map de-
fined by

X 5 LX & QXX 2N, poxre0® X & [EFO0FX;

A is a natural transformation between functors on the homotopy category of spectra.
It is the same natural transformation considered in [Kuh].

4.3. Proposition. Let f: QX — QY be a based map, and let ]7: YXOXX -Y
denote its stable adjoint. There is a commutative diagram

Ax
X ———— LY*Q*X

‘i’fOLXJ /
Lf

LY ~Y
so that 3f = Q°°(Lf o Ax).
Proof. Observe that f is equal to the composite
Qe x Tex, geosyeqgeox 277, ooy,
Apply ® to this diagram. O

4.4. Corollary. The transformation X\ is a section of Le. That is, Lex o Ax =
tx: X — LX.

Proof. Set f = Q%ux in Proposition 4.3l O
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4.5. Formula for ¢. Let K denote an arbitrary based space. A map f €
[Q%° X, QY] gives rise to a cohomology operation f,: X°(K) — Y°(K) by f.(a)
= foa. We remind the reader that f, is not necessarily a homomorphism of
abelian groups, although it is the case that f.(0) = 0. Our goal is to calculate the
cohomology operation induced by @f in terms of that induced by f. The formula
we give is in the form of a composite

XOUK) L X005 A K) L5 70025 A K) L VO(K),

where P and @ are certain functions which we now define. _ B
Given a € X°(K), represented by a map a: X°K — X, write Pa € X°(Q®S A
K) for the class represented by

TX(QPSAK) ~ SPO0CG ALK S0 A X & X,
If Y is an L-local spectrum, then we define a natural map
Q: YU Q®SAK) — YO(K)

as follows: represent a class o € Y0(Q2°°5 A K) by a map a: £°(Q°S A K) — Y,
and let Q(«) be the class represented by

SOK ~ SANPK 28 [yeqeg A ne K o LN®(QFSAK) L5 LY ~ Y.

The main result of this section is the following.

4.6. Proposition. We have an identity (3f). = Qo f. o P of operations X°(K) —
YO(K).

4.7. The natural transformation §. For a based space K and a spectrum Z, let
0=10zk: Q°ZNK — Q°(Z NX*K) be the map adjoint to

S®(Q®ZAK) & SX0°Z ARPK ZAEEK 7 A o)

4.8. Lemma. Given a € XO(K) represented by a stable map a: X°K — X, the
element P(c) is represented by the stable map Q¥ao0dg g: QS ANK — Q*X.

Proof. The composite
OCSAK S Q2 (S AE®K) 5% 0o x
is adjoint to
N®(QPSAK) ~ SPQPGADCK SEETE, g g peo e 4y
which represents P(a). O

4.9. The proof of Proposition

Proof of Proposition 0. Let o € X°(K), represented by a spectrum map a: %°°K
— X. Let b: Q*SAK — QX be the map of based spaces which represents Pa €
XO(Q*®SAK); it is adjoint to the stable map egAa: S®*Q®SAL®K — SAX ~ X.
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Let f: 3*°0>*X — Y be the map adjoint to f: QX — QY. We will refer to
the following diagram.

As/Atyoo i LEOO(QOOS A K)

lLEmé

SAY*K )\4) LEOOQOO(S A EOOK) LX>b

SAL>®K
al lLZ“’QC’oa

X LY>®O>*X
Ax

(PfOLxl /
Lf

LY =Y

We are going to prove that this diagram commutes. Given this, the proposition
is derived as follows. Note that the composite ®f o tx o a is precisely the map
representing the class (gf).(a). We claim that the long composite S A XK — Y
around the outer edge of the diagram is a map representing (@ o fyo ]5) (a). The
composite foX®b: X (Q*°SAK) — Y is adjoint to fob, which represents f, (1501),
and so it is clear from the definition of @ that the long composite is in fact the
desired class.

To show that the diagram commutes, we need to check the commutativity of
each of four subdiagrams. The central square commutes because A defines a natural
transformation 1 — LYX°°Q°. The bottom triangle commutes by Proposition 4.3

The commutativity of the right-hand triangle of the diagram follows from Lemma
43

We defer the proof of the commutativity of the upper-left triangle (Proposition

[6.1) to gal O

5. AN UNBASED BOUSFIELD—-KUHN OPERATOR

In this section, we define a Bousfield—-Kuhn operator on unbased maps, using the
stable basepoint splitting, and derive a formula for it similar to Proposition .6}
from this we will produce the logarithm formula of Theorem E.8

For unbased spaces K and L, we write [K, L] for the set of unbased homotopy
classes of (not necessarily basepoint-preserving) maps.

5.1. The stable basepoint splitting. For a spectrum Y and a based space K,
we consider functions

[K,Q®Y], & [K,Q°Y] L [K,Q%Y]..
The function 7 is the evident inclusion, while j is the basepoint shift operator of
§3.4l These operations give rise to the direct sum decomposition
[K, QY] = [K, QY] ® mpY.
In particular, j2 = id. Note this direct sum decomposition arises from the stable
splitting X K, ~ ¥*°K V S, which is realized by maps

¥ 2K I%gk
EEbt) TEFK . T¥CK,

Dok YK
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where zx: pt — K, mx: K — pt, and gx: K1 — K are the evident maps of spaces,
and v = 1g<fK is the stable map with ¥*°qx o yx = Is~k and X7k oy = 0.
With this notation, the operators ¢ and j are induced by qx and g respectively.
We record the relation between j and ~ in the following.

5.2. Lemma. Let K be a based space, and f: K — QY an unbased map. Then
the based map jf is adjoint to L°K %5 LK ER Y, where ]? s adjoint to f. In
particular, ej} 0YQey = €y, Since ej} s adjoint to the identity map of QY , which
preserves the basepoint.

Parameterized Version: Let K be a based space and L be an unbased space, and
let f: K x L — Q%Y be an unbased map, with f: YK ANYXPL — Y its adjoint.
Then f o (yx A Iseer) is adjoint to f — fo (2xmr x 11) € [K x L, Q*Y].

In particular, if f is such that f o (zx x 1): L — QY is homotopic to the null
map, then J?O (vx A 123;L) s adjoint to jf.

5.3. The natural transformation A*. Let )\}: X — LEFO*®X be the map
defined by

X 25, Ly x D92X, [y y,
5.4. The operator ¢. Now suppose that X and Y are spectra and that Y is
L-local. We define an operator ¢: [Q®°X, Q*Y] — [Q*°X, QY] on the set of

unbased maps by ¢f def (io@oj)f. The operator ¢ is idempotent and has as
its image the set of infinite-loop maps; it coincides with @ on the summand of
basepoint-preserving maps. We are going to prove a formula for ¢ analogous to the
one proved for @.

For an unbased space K we define natural functions

P: X%K)— X°(Q*SxK) and Q:YQ*S x K)— Y°(K)

as follows.
Given a € X°(K), represented by a map a: YK — X, we write Pa €
X0(Q%S x K) for the class represented by

Y8 x K) = ¥PQCSAETK ﬂ» SAX ~ X.
If Y is an L-local spectrum, then we define a natural map
Q:Y%Q>S x K) — Y°(K)
as followNS: represent a class & € Y?(Q>S x K) by amap a: 32 (Q°S x K) — Y,
and let Q(«) be the class represented by
SOK &~ S ASTK L [820® 8 AT  LEF Q%8 x K) X% LY ~ V.

5.5. Proposition. We have an identity (pf)« = Qo f.o P of operations X°(K) —
YO(K).

Proof. Let K be an unbased space, and let o € X°(K) ~ XO(K,). We will

show that Q(f.(Pa)) = Q((jf)«(P(a))) = (#jf)«(); the result follows when
we note that there is an identity of cohomology operations (ig)« = g« when g €

[ X, QY] so that (@jf)« = (i@1f)« = (¢f)«
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We have a direct sum decomposition
XO(0®S x K) = XO(K) @ X°(Q®S A K, ) ~ X°(K)® X°(Q™8 x K, pt x K),
which is produced by smashing K with the maps
(pt); = (Q*9); L Q*S  and 7w (Q%9), — (pt);.
The remaining projection of the splitting comes from smashing ¥°K with the

stable map 7 = ygxg: 2°0®S — X*°(Q*°S),.. We claim that with respect to
this splitting, the maps in

XOK,) & XOK )@ XS AK,) L5 VOK) e VO QXS AKL) S VO(KL)
satisfy
P(a) = (0,P(a)), fu(0,8) = (£(0), (G)+(8)), Qla,B) =Q(B).

The proposition will follow immediately.

The formula for P follows, using a standard adjunction argument, from the facts
that €f oy = €g, by (52), and € 0 X2 = 0.

The formula for @ follows from the facts that LZ”qo)\g = LY ®goLyols = Mg
and LY*°7 o )\g =LY*®moLyo)lg =0.

To prove the formula f,, let b: Q5 x K — Q°° X be the map representing § €
XO(Q®SAK,L) ~ XO(Q2°5 x K, pt x K); in particular, bo(zx1): ptx K — Q®X is
the null map, and b can be taken to be basepoint-preserving. Set f.(0,5) = (z,y).
It is clear that x is represented by fobo (2 x 1) = fo0: pt x K — QY and so
z = f.(0) € X°(K) ~ X°(K,). We have that y is represented by the stable map
fo Xbo~y A1, which by the parameterized version of ([5.2) is adjoint to j(f o b).
Since b preserves basepoints, j(f o b) = (jf) o b, which represents (j f).(3).

O

5.6. Application to ring spectra. We now introduce the additional hypothesis
that Y is a commutative ring spectrum; here we only need that Y be a commu-
tative ring up to homotopy, not a structured ring spectrum. We write Y (X) def
moL(X AY) for the completed homology of a spectrum X with respect to Y. If K
is a based space, we write Y{*(K) for YN (EPK).

Let v € YN (2°S) denote the Hurewicz image of A € moLQ>S; i.e., the ho-
mology class represented by

1sAk /\}'/\ly

§ 2 gAY 2B LSRRG AY - LETQTS AY),

where k: S — Y represents the unit of the ring spectrum.
Since Y is a ring spectrum, there is a slant product operation

a®o—alo: YO(X1 A X)) @Y (X2) = YO(X1)
defined by

1Ac L(anl)
e

X, LY X ALXo AY) — LXy AXy AY) LYAY) > LY Y.

5.7. Proposition. For an L-local ring spectrum Y, and o € Y°(K), we have

Qa) = a/v.
In particular, for a € X°(K), we have (¢f)«(a) = f«(Pa)/v.
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Proof. The second statement is immediate from the first. The first statement is
straightforward from the definitions. O

Now suppose that ¥ = R is a K(n)-local commutative S-algebra, and that
X =gl (R). Let 0: Q> gl (R) — Q™R be the standard inclusion; it corresponds
to the “cohomology operation” R°(K)* — R°(K), which is the inclusion of the
units into the ring. The logarithm is £ = (©6)., and thus we have proved

5.8. Theorem. Let v € R{YN®S denote the Hurewicz image of the element
M € mLEO®S. Then (o) = 0.(Pa)/v.

We will often abuse notation by taking 6, to be understood, so that we write

(a) = (Pa)/v.

6. SIMPLICIAL FUNCTORS

For a spectrum X and a space K, recall (from §4.7) that ox x: Q°X N Ky —
O®°(X A XPK) is the map adjoint to ex Aid: E®Q®X N EFPK — X A XPK,
where € is the counit of the adjunction (X°°,Q°). The purpose of this section is
to prove the following.

6.1. Proposition. For every spectrum X and space K, the diagram

Ax Aid

LX ASPK L(E®Q®X) A EPK

l JL(EW%(,K)

LXASPK) — 5 LR®°0%(X A XPK)

X/\Z_O'_OK

commutes in the homotopy category of spectra; the vertical maps involve the local-
ization augmentation, as described in JLI15I

The idea of the proof is easy to describe: the functors in question come from
simplicial functors on an underlying simplicial model category of spectra, and the
natural transformation A on the homotopy category comes from a natural trans-
formation between these simplicial functors; the vertical maps in the square are
certain natural transformations associated with a simplicial functor. To carry out
the proof, we will choose explicit models for these functors.

6.2. Simplicial functors. Recall that if C is a simplicial model category, then for
any X,Y € C' and K € sSet there are objects

mapo(X,Y) €sSet, X@KeC, YKcC,
which come with isomorphisms
mapo(X ® K,Y) ~ maps (X, Y ™) ~ mapg., (K, maps(X,Y)).

We will usually write T X e x ® K and MEY e yK ; these are functors

Tk, My : C — C. It is standard that these give rise to derived functors LT, RM :
HoC' — Ho C, and that furthermore LTk and RMg are adjoint to each other. See
[GJ99, IX] for a full treatment.

A simplicial functor F: C — D is a functor which is enriched over sim-
plicial sets, in the sense that for every pair of objects there is an induced map
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maps(X,Y) — mapp(FX, FY) which on 0-simplices coincides with F. For any
such functor, there is a natural transformation

P F(X)® K — F(X @ K),
which is adjoint to the map
K — mape(X @ pt, X © K) — mapp(F(X @ pt), F(X ® K)).

A simplicial natural transformation is a natural transformation a: F — G
such that the two evident maps map~(X,Y) — map,(FX,GY) sending f to
ay o F'f and Gf o ax coincide. Such transformations give rise to the commutative
square

F
FX oK -5 P(X ® K)

ax®1KJ laX@)K

GX®K—GX®K).
PX K
6.3. Bousfield—Friedlander spectra. Let BFSpectra denote the Bousfield—
Friedlander model category of spectra [BET7S|, [HSS00], [GJ99, X.4]. This cate-
gory has as objects X = {X,, € sSet,, fX: ST A X,, — X,41}n>0, where St =
A[1]/0A[1], with morphisms g: X — Y being sequences {g,: X;, — Y, },>0 com-
muting with the structure maps f. It is a simplicial model category.
We note the following functors; all of them are simplicial functors.
(1) ©>: sSet, — BFSpectra, defined on objects by (£°K), = ()" A K,
with the evident structure maps.
(2) Q°°: BFSpectra, defined on objects by QX = Xj,.
(3) F: BFSpectra — BFSpectra, defined on objects by

(fX)n — Cohmm Qm Slng|Xm+n|7

where Sing: sSet, = Top, :|—| are the geometric realization and singular
complex, and QK = map,(S', K). (The functors | |, Sing, and Q are
simplicial functors, and thus so is F.)

(4) ®: sSet, — BFSpectra, the functor defined in [BouOIl; there it is con-
structed as a simplicial functor.

(5) Tk : sSet, — sSet, where K is an unpointed simplicial set, defined on
objects by Tk (L) = L A K.

(6) Tk : BFSpectra — BFSpectra, where K is an unpointed simplicial set,
defined on objects by Tk (X), = X A K.

A spectrum X € BFSpectra is cofibrant if and only if each structure map
fX: X, — S A X, 4 is an inclusion of simplicial sets. For all K € sSet,, the
spectrum 3°° K is cofibrant.

A map f: X — Y € BFSpectra between cofibrant objects is a weak equivalence
if and only if F f is a weak equivalence of simplicial sets in each degree. The functor
F comes equipped with a natural transformation 1 — F, which on degree n of a
spectrum X is the map adjoint to the evident map |X,| — colim,, Q%°| X, 4n]-

The functors X°*°, ®, and both versions of Tk are homotopy functors: they
preserve weak equivalences. The functor F is a homotopy functor on the full sub-
category of cofibrant objects. The functor 2°° is not a homotopy functor; however,
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the composite Q2°°F is a homotopy functor on the full subcategory of cofibrant
spectra.

There is a simplicial natural transformation n: id — Q*F %> of functors sSet,
— sSet,; it is the evident map

X — colim,, Q™ Sing|S™ A X|.

Define
A POQCF = 0id QCF — QX FECOFF
to be the natural simplicial transformation ®nQ>F.

By the above remarks, both functors are homotopy functors on cofibrant spectra.
Both functors are simplicial functors. Therefore, the square

TrAx

TrPO*FX —= T POQXFECOQ*FX

POXCFT X —— POQXFECO°F T X
ATy x

commutes for all X. Applied to cofibrant X, it gives rise to a commutative diagram
in the homotopy category of spectra. It is clear that the horizontal arrows are
precisely those of Proposition It remains to identify the arrows labeled p and
p'. They can be factored as
p = p?F
and
p = (PQXF)(E)p" 7 o (0QFF)p” ™ (Q*F) 0 p® "7 (5%) (2> F).

6.4. Proposition.
(a) The natural transformation p®?™ 7 : Tk ®Q®F — ®Q°FTk, on the ho-
motopy category of spectra, induces the map

LX ASPK — L(X ASPK),

which is the unique map up to homotopy compatible with the augmentations
tx Nid: X AXPK —» LXAYTPK and v: X NEPK — L(X ANETK).
(b) The natural transformation p=T T E™ — STy, on the homotopy cate-
gory of spectra, induces the canonical equivalence
TPXAEFK 5 B°(X AXPK).

(¢) The natural transformation p~ 7 : TgQ®F — Q¥ FTk, on the homotopy
category of spectra, induces the map
Ixr: QX NETK - QF(X ANETK)
adjoint to ex Nid: QXX AXPK — X NXPK.

Proof. (a) The composite PQ>°F is a model for the Bousfield localization func-
tor on spectra.
(b) The map p>" is easily seen to be an isomorphism on objects in BFSpectra.
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(¢) The map p~ 7 is adjoint to the arrow a in the square

Ts=0eF 5 e

pz” ro}-,l Nlp}'

YT QXF —— Flk

which is seen to commute by appeal to the definitions. The vertical arrow
on the left is an isomorphism, and the vertical arrow on the right is a weak
equivalence when applied to cofibrant spectra. This gives the desired result.

O

7. POWER OPERATIONS AND THE UNITS SPECTRUM

Power operations on a representable functor on the homotopy category of spaces
are defined via the action of some F.-operad on the representing space. We need
to consider two flavors of F..-spaces and their associated power operations: the
“additive” Es-structure on the O-space of any spectrum (power operations here
amount to the theory of transfers), and the “multiplicative” E..-structure on the
0-space of any commutative S-algebra. The purpose of this section is to show
that both flavors are united in the F.-space GLi(R), which can be viewed as
“multiplicative” by the inclusion GLi(R) C Q®R, or as “additive” by GL1(R) =~
Q> gl (R).

There are some standard references for some of this material, notably [BMMSS86],
who frame their power operations in terms of the extended power of spectra. (Their
formulation works naturally not just for commutative S-algebras (a.k.a., Es-ring
spectra), but with the weaker notion of an H..-ring spectra, and much of what we
say in this section applies in that context, too.)

7.1. Power operations associated to E..-spaces. Let Z be an E.,-space, as
in [May72]. That is, for a suitable E-operad &, there are structure maps &, Xy,
Z™ — Z, satisfying certain axioms. FEach space &,, of the operad is a free con-
tractible X,,-space; we will not refer explicitly to the operad &£, but rather to a
structure map EY,, Xy, 2™ — Z.

Givenamap f: K — Z, we let ﬁm(f): E¥,, xx, K™ — Z denote the composite
EY,, xx, K™ — EY,, X5, Z"™ — Z. This gives rise to functions ﬁm and P,, on
homotopy classes of maps

K, 2] " [ES,, xx, K™, 7]

AL
P

[BX,, x K, 7.

Here A,,: BY,, x K = EY,,, x5, K — EY,, X5, K™ denotes the diagonal map,

and P, def A¥ o ﬁm.

The set [K, Z] is a commutative monoid via the E-structure of Z. With respect
to this, f’m and P,, are homomorphisms of commutative monoids. Furthermore,
these operations are natural with respect to maps of spaces in the K-variable, and
maps of F.,-spaces in the Z-variable.
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7.2. Power operations associated to a commutative S-algebra. Let R be a
commutative S-algebra, and Z = Q*°R, viewed as an E.-space using the “multi-
plicative” structure (which, we emphasize, is not the same as the “additive” struc-
ture coming from Z being an infinite loop space). Then the constructions of the
previous section specialize to natural power maps ﬁm and P,:

RK —> RY(EX,, xx, K™)

\ lAfn
Py,

RO(BY,, x K).

These operations are multiplicative: ﬁm(aﬁ) = ﬁm(a)ﬁm(ﬁ) and ﬁm(l) =1, and
similarly for P,,. Hence if o € ROK is multiplicatively invertible, then ﬁm(a) and
P,.(a) are also invertible, and so these operations restrict to functions (R°K)*
(REY,, x5, K")* — (R°BY,, x K)*

These operations are not in general additive. Instead, we have the following.

7.3. Proposition. We have

Pola+8) = > Ty[P(a)P()]

i+j=m

and

Pp(a+p) = Z T35[Pi(e) P (B)],

i+j=m

where Tij and T;j denote the transfers associated to the covering maps EXpm X5, x5,
K™ — EYy, xx,, K™ and BY; x BY; — BY,, respectively.

Proof. This is [BMMSS86, Lemma 2.1]. O

7.4. Power operations associated to an infinite loop space, and transfers.
Let Y be a spectrum, and let Z = QY , viewed as an F.-space using the “addi-
tive” structure. Then we again have natural power maps, which we denote P} and
Pt

pt
YOK *m>YO(EEm XS Km)

P

YO(BE,, x K).

These operations are additive: P (o + ) = P () + P} (8) and P} (0) = 0, and
so likewise for P.

We recall the well-known relation between such “power operations” and the
theory of transfers.

7.5. Proposition. The map P+( %) EXp x5, K™ — Q®XFK is adjoint to the
composite

e
SR (B8, xx, K™) T 52 (B8, x5, (mx K™) 0 52k,
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where m is a fixed set of size m permuted by ¥,,. In particular, ]3;; (n}): BY,, —
Q°°X°S is adjoint to the composite

transfer 2 (proj)

SPBY,,
(take BY. _1 = &).

ETBE'HL—I Ef(*) ~ S

7.6. The natural transformation 6*. Let Y be a spectrum and K an unbased
space. Let 6;1(: QY x K — Q*°(Y A XFK) denote the map adjoint to

e Nid: SFQY ASTK — Y ASTK.
This is a variant of the map § defined in §471

7.7. A total power operation for infinite loop spaces. Let K be a space and
Y a spectrum. We define operations P: YK — YOQOOZfK, and P: YK —

YO(Q®EXS x K), as follows. Given a: K — Q%Y let P(a) f g, where
def 5

a: XK — Y is the adjoint to . Let P(a) = P(a)o 5;1{.

Since Q2°°Y is an infinite loop space, it admits “additive” power operations of the
type described in §7.41 The following lemma says that the two kinds of operations
coincide, via the standard maps

def

iy = ﬁnt(n;g) EY,, X def

K™ — Q®Y¥K and i, = Pf(nf): BE,, — Q>5.

m

7.8. Lemma. Let a: K — QY be a map. The diagram

A Pi(a)
BY,, x K —— E¥Y,, xy, K™ -2 Q>Y

i Xid g im -
| |

S, K

commutes up to homotopy.

Proof. The adjoint pair (35°,Q°) gives a commutative diagram

K —2—Q®Y

"
WKJ %

Q°EPK.

The two maps « and 7 from K give rise to maps ﬁ$ (o) and ﬁ$ (nk) out of
EY,, x5, K™, and the resulting triangle which appears in the statement of the
proposition commutes, by the naturality of ﬁ,j; with respect to F..-maps.

The commutativity of the left-hand square comes from the fact that the map
]3;5(77;2) EYp, xx,, X™ — QXX is a natural transformation of functors and
can in fact be realized as a topological natural transformation, by taking EY,, to
be the m-th space of the little cubes operad. O

The example we are interested in is Y = gl; (R). In this case, “classical” power
operations are just the standard power operations in R-cohomology, restricted to
units.
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7.9. The universal example of the “infinite-loop” total power operation.
The “infinite-loop” power operation P: (K, QY] — [Q®EF K, QY] of the pre-
vious section is completely determined by its restriction to a “canonical” class,
namely the map 17?(: K — QXK. This leads to the following.

7.10. Proposition. Given a map a: K — Q°°Y, we have that

efoo
(a) P(a): S}”ETK — QY s adjoint to the composite LN CETK E,
oK Sy
(b) P(a): Q8 x K — QY is adjoint to the composite

ef Aidgeo

SPOCIANTE —— L G ANTR A~ NTK S

Here a denotes the adjoint to «. In particular, the operator P coincides with the
one called P in §5.4.

Proof. Consider the diagram

D2jind p D ind Ot
SEORGANTK P ey T T yeegeey
€+oo P
M J/ ZTK J/ Y
SEK _ Y.

(e

It is clear that the square commutes (up to homotopy), because et is a natural

transformation, while the triangle commutes because 5; i is adjoint to ej{ Nyek.
P(a) = Q®a is adjoint to €, 02N, which equals &oeng by commutativity
of the diagram. Thus P(a) = P(a) o 5§7K is adjoint to a o eng o Ef(;;"]{, which

the diagram shows is equal to a o eg A idzf}(. (I

7.11. Power operations associated to homology classes. We now assume
that R is a K (n)-local commutative S-algebra. From now on, we will be interested
only in two related kinds of power operations: the operations ﬁn and P, associated
to the multiplicative structure on QR (§7.2), and the total operations P and P
associated to the infinite loop space GLi(R) (§7.4).

Given u € R} BY.,,, define op,,: R°K — R°K by op,(z) o P,,(z)/u, using the
slant product map —/u: R°(BY,, x K) — R°(K).

Similarly, for a class u € R{Q>°S we define op,,: R°(K)* — R°(K) by op,(«) e
P(a)/u, where we implicitly regard P(a) as an element of R°(Q>S x K) by the
usual inclusion RY(2°S x K)* C R%(2*S x K). Such operations defined using
QS coincide with those defined using BY.,,, via the map i, = ﬁm(n;") used in
Lemma [(.8 That is, if u € RyBY,, and v/ = iy, (u) € RoQ2>S, then op, = op,, .

With these definitions, Theorem [5.8] becomes

t(a) = op, ().

More generally, if D is a flat extension of R{ (pt), then we obtain operations
op, : R°K — D®gR°K parameterized by elements u € D®g R} BY,,, (respectively,
op,: (R°K)* — D ®p R°K parameterized by elements u € D @ g R{Q>S).
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8. THE STRUCTURE OF THE SPACES PARAMETERIZING POWER OPERATIONS

We summarize here some structure which is relevant to power operations, and
which is used in §§9HI2I Most of what we say in this section is well known; the
summary is provided mainly to fix notation. For another summary of this sort of
structure, in a similar context, the reader is directed to [ST97].

Let R be a K (n)-local commutative S-algebra, and D a flat extension of R} (pt).

Set h(X) “'Dp ®Rp(pt) Ry (X); this is a multiplicative, homological functor. Set

h(X) % D @Ry (pt) R°X. We write h for h(pt). The functor h admits a Kiinneth
map X: h(X) @, h(Y) — h(X xY). Let the symbol M denote either BY or Q5.

We give below a combined list of structure maps (numbered items) involving the
group h(M), and a list of properties they satisfy (lettered items). After the list, we
will give the definitions of each of the structure maps and sketch the proofs of each
of the properties. We will also show that in every case in which structure maps are
defined for both M = BY and M = QS| they commute with the standard map
BY., — Q*S. It may be helpful to point out here that structures (1) through (7)
make h(Q°°S) into a Hopf ring.

8.1. Summary list of structure maps for BY. and 2*°S. The letters u, v denote
elements of h(M), while a denotes an element of R°(K), for an arbitrary space K.

(1) h(M) is a module over h = h(pt), such that
(a) op,4qy(a) =o0p,(a)+ op,(a), and op,, (o) = ¢ op,(a), for ¢ € h(pt).
(2) There is a distinguished class 1 € h(M).
(3) There is a product © @ v +— w-v: h(M) ®p h(M) — h(M), such that
(b) “” is associative and commutative, with unit 1, and
(C) Opl(a) =1and Opu-v(a) = Opu(a)opv(a)'
Structures (1), (2), and (3) can be summarized: h(M) is a commutative h-algebra,
and for o € h°(K), the map u +— op,, (a): h®(M) — h°(K) is a map of h-algebras.

(4) There is a distinguished class [1] € h(M).
(5) There is a product u ® v — wowv: h(M) &, h(M) — h(M), such that

(d) “o” is associative and commutative, with unit [1], and

(e) opp; = id.
(6) There is an h-module map 7: h(M) — h, such that

(f) 7(1) =1 and 7(u - v) = 7w(u)mw(v), and

(2) 7(u) = op, ().
(7) There is an h-module map A*: h(M) — h(M x M).

Say that an element u € h(M) is grouplike if (i) m(u) = 1, and (ii)

A*(u) = u x u. We write h(M)&P for the set of grouplike elements.

(h) If w € h(M) is grouplike, then op,, is multiplicative: op,(1) = 1 and
op, (af) = op,(a)op,(B).

(i) If u is grouplike, then we have the identities uol =1 and uo (v-w) =
(uow) - (uow). Thatis, x — wox is a ring homomorphism if u is
grouplike.

(G) 1 € h(M)#P, and u,v € h(M)8P implies u-v € h(M)8P and uowv €
h(M)&"P. Thus, the set of grouplike elements h(M )P forms a commu-
tative semi-ring, in which “addition” is given by u-v, “multiplication”
is given by u o v, the “zero” element is 1, and the “one” element is
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[1]. Furthermore, the grouplike elements of h(Q2°°5) admit “additive”
inverses, so that h(Q2°°5)8™ is not just a semi-ring but a ring.
(8) There is an h-module map 7: h(M) — h, such that
(k) 7([1]) =1 and 7(uwov) = 7(u)7(v), and
(1) 7(1) =0and 7(u-v) = 7(w)7(v) + 7(u)7(v).
In particular, 7 defines a semi-ring homomorphism h(M)&P — h.
The following structures are only defined for M = BX.
(9) There is an h-module map (: h(BX) — h(pt), such that
(m) ¢(1) =1 and ((u-v) = ¢(u)((v),
(n) ¢([1]) = 0 and ((uov) = ((u)m(v) + 7(u){(v), and
(0) 0p,(0) = ¢(u).
(10) There is an h-module map A*: h(BX) — h(BX x BY).
Say that w € h(BX) is primitive if (i) ((u) = 0, and (ii) At (u) =
ux1l+1xu.
(p) If w € h(BX) is primitive, then op, is additive: op,(0) = 0 and
op,(a + 3) = op,(a) +op,(B).

8.2. Definition of the structure maps. Recall that X°BY ~ DS, the free
commutative S-algebra on the 0-sphere.

(2) The class 1 € h(M) is the image of the canonical class under the maps
pt ~ BYy C BY & Q>S. Equivalently, it is induced by the unit map

S L DS of the ring DS.
(3) The product “” is induced on BY and 2°°S by maps

BII: BY x BY, — BY and Hjy: Q8 x QS — Q>°S.

Here II: ¥ x ¥ — X is the coproduct functor on finite sets; ¥5°BII cor-
responds to the ring product DS A DS — DS. Hy is the “additive”
H-space product on Q*°S, obtained by applying Q°° to the fold map
SxS~SvSsS—S.

(4) The class [1] € h(M) is the image of the canonical class under the maps

pt = B¥; C BY 4 Q8. Equivalently, it is induced by the “canonical”
map S — DS.
(5) The product “o” is induced on BY. and 2°°S by maps

By:BY x BY - BY, and Hy:BY x BY — BX.

Here x: ¥ x ¥ — ¥ is the cartesian product functor on finite sets, and
Hy is the “multiplicative” H-space product on Q>S5 and is adjoint to
P AT BPAPSABTO®S - SAS~S.
(6) The map 7 is induced by the projection map M — pt.
(7) The map A* is induced by the diagonal map M — M x M.
(8) The map 7 is induced on X° B by the composites
ransfer 2T (proj
5By, Tt geopy | FEOOD o g
(let BY_; = @). On ¥Q>S the map 7 is induced by the counit map
et XPa=®s — S,
(9) The map ¢ is induced on X¥BY by maps ji: X°BY, — XBY =~ S,
which is the identity if k¥ = 0, and null homotopic if k¥ > 0. Alternately, ¢
is induced by the ring map DS — S free on the null map S — x — S.
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The map AT is induced on ¥°BY by the transfer maps
YPBY, — X (BY; x BY;), i+j=k,

associated to the inclusion ¥; x ¥; C X,. Alternately, A" is induced by
the ring map DS — D(SV S) = DS A DS which is free on the pinch map
S—85VvS.

8.3. Compatibility of the structure maps. We need to know that in each of
the cases (1) through (8), the two structure maps are compatible with respect to
BY, — Q>S.

For (1), (2), (4), (6), and (7), compatibility is clear.

For (3) and (5), compatibility amounts to saying that BX — Q°°S is a map of
“semi-ring spaces” up to homotopy, which is well known.

For (8), this is Proposition

8.4. Proof of properties.

(a)
(b)
(c)

The slant product h°(M x K) ®;, h(M) — h°(K) is h-linear.
BII (resp. Hy) make M into a commutative and associative H-space.
For M = BY, this follows from the fact that r;‘jﬁm(a) = ﬁi(a) X ﬁj(a),
where i 4+ j = m and r;;: (EX; x5, K*) x (EX; x5, K/) & EX,;, X3, xx,
K™ — E%,, x5, K™. Restricting along the diagonal maps A; and A;
gives the result.

For M = QS this follows from the fact that Hﬁﬁ(a) = ]3(04) x P(a),
viewed as a class in hO(Q°EPK x QXL K)*.
By (resp. Hyx) make M into a commutative and associative H-space.
Pr: i°(K) — h°(EX; x5, K) ~ h°(K) is the identity map.
M — pt is a map of H-spaces.
P: hO(pt) — hO(M x pt) sends 1 to 1, and 7(u) equals the slant product of
1 with w.
If u is grouplike, then the slant product map —/u: h°(M x K) — h°K is
a map of rings. Since P: h%(K) — h®(M x K) is multiplicative, the result
follows.
M is a (semi-)ring space.
The two products are defined via space-level maps M x M — M and so
are compatible with the diagonal.
For M = BY, this is a consequence of the “double-coset formula” applied
to the homotopy pullback square

BYp 1 X BYy 1 —— BYgi1

| |

BSy, x BS, —2 4 BY,.
For M = Q5. it follows from the fact that the composite
00 ()00 00 ()OO Z?FOHX 00 ()OO et
LPQPSAEFTOATS —— ¥FOQ°S5 — S,

which induces u ® v — 7(u o v), equals et A et.
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(1) For M = BY, this is a consequence of the “double-coset formula” applied
to the homotopy pullback square

(sz-—l X BZ@) il (sz X BEg_l) —_— sz_,_g_l

| l

BY,. x B, L BYis.

To prove it for M = Q°°S, note that for any spectrum X there is a diagram

DI OAak SID Vind Ohad ¢
EEOTmETOTT) S X v ERQTX SV ¢y x

fold fold
£ (fol

SEOFX s X

€

$0%(X x X)

where 7;: X X X — X denote the projection maps. This diagram is com-
mutative up to homotopy. Evaluating at X = S gives the desired result.
This is clear from the observation that { arises from a ring map DS — S.
By maps BY, x BY; to B only if either k or ¢ equals O.

P: hO(pt) — hO(BY) =[], h°(BZy) sends 0 to (1,0,0,...).

This follows from Proposition [Z.3}

(m
(n
(o
(p

T — —

9. THE LOGARITHMIC ELEMENT

In this section, we characterize the element v € R} (Q°°S) which appears in the
statement of Theorem B.8 The main result is Theorem [.3] which states that v
satisfies certain algebraic identities, which characterize it uniquely; i.e., it is the
unique logarithmic element. These algebraic identities in some sense encode the
properties of the operator ¢: namely, that ¢ is a projection onto a subgroup of
infinite loop maps.

We note that all the results in this section still hold if we take L to be the
telescopic localization functor L;((n), rather than K(n)-localization; see (B.3).

9.1. Logarithmic elements. Recall from §81(8) the homomorphism 7: R{Q>°S
— R{'S induced by the counit map €& : XQ*°S — £ (pt) = S, and from §&II(5)
the product o: RYQ®S @papt) RyN2°S — RyQ™S.

A logarithmic element for R is an element v € R)Q>S with the following
two properties:

(La) 7(v) =1in R)S;

(Lb) zov =r7(z)v for all z € R}Q>®S.

9.2. Proposition. There is at most one logarithmic element in RHQ>S. A map
R — R’ of K(n)-local commutative S-algebras carries the logarithmic element for
R (if it exists) to the logarithmic element for R'.

Proof. The second statement is a consequence of the uniqueness of the logarithmic
element. If both v and v are logarithmic elements in R{Q>°S, then

v=1-v=70) v=0vov=vorv =7(v)- Vv =10 =7,

using §8TI(b) and (d). O
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9.3. Theorem. The element v of Theorem 5.8 is a logarithmic element in R;Q%°S
and hence is the unique logarithmic element.

In particular, there is a logarithmic element for R = LS, the K (n)-localization of
the sphere. By Proposition[@.2lall logarithmic elements for K (n)-local commutative
S-algebras are determined by the logarithmic element for the case R = LS.

To give a proof of Theorem [0.3] we need some results involving the natural

transformations A™ (§5.3) and &+ (§7.4]).
Recall the structure map v of §5.11

9.4. Proposition. The diagram

Yacoy Algeo i

00 ()0 oo + 00 ()00 oo
SOORY ASFK T 500Xy ANRK

EW&YVKJ( J/Efé)t,K

$°00° (Y A SPK) SP0°(Y A LK)

VQW(YAZfK)

commutes in the homotopy category of spectra.

Proof. This is immediate from Lemma and the stable basepoint splitting of

§.11 O
9.5. Lemma. For every unbased space K and spectrum Y, the diagram

oo oo YAl 00 ()0 oo 71 00 ()00 0o
S (pt) A LXK < BFQFY ALK SXOXY A NFK

szl 2305;1{ lzway,K

I (pt) AE— EPO*°(Y NEFK) =2 EXO°(Y NEFK)
+7 q

commutes in the homotopy category of spectra. (The map q was defined in §5.11.)

Proof. The commutativity of the left-hand square follows from the fact that 6T is
a natural transformation and so commutes with the map induced by the projection
Y — pt.

The right-hand square is equal to X°° applied to the square

(Q®Y x K)y ~ (Q°Y)y AK; — D0 0%V AK,
(6¢,K)+l ltsy,K
(Q®°(Y ANEPK)) 4 Q®(Y ANEPK),

q

so it suffices to show that this square commutes in the homotopy category of pointed
spaces. In fact, formal properties of adjunction show that

qo((sit’K)_i_:(5;1(:(53/7}(0((]/\1). O
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9.6. Proposition. Let K be a space and Y a spectrum. The diagram

AP Aid

LY NXK LEFO®Y AN K

L(ET6Y k)
AXtAZmK

LY ASPK) — 5 [S®Q%(Y A SXK)
commutes. (We use the conventions for localization described in L1351 )
In particular, taking Y = S gives A;TK = L(X%8s,x) o (A Aid).

Proof. This square breaks up into two squares:

Ay Aid Lrygooy Aid

LYASTK LE®0®Y AXCK LEFO®Y ASTK

l LE”JW{ lLZfé;K

L(YASPK) —— 5 LE®0®°(Y ASPK) 5 LEPO®(Y ASPK).

AYAEj_OK LVQOO(YA):fK)

The commutativity of the left-hand square is Proposition [6.1], while commutativity
of the right-hand square is proved by applying L to the square of Proposition
9.4 O

9.7. Lemma. The composite

+

X,Q0Y7 Q% (idx Aef)
_—

5
Q®X x QFY 0%(X A DPOFY) Q°(X AY)

is the Kinneth map, i.e., the map representing the external product map XK x
YOL — (X AY)Y(K x L) in generalized cohomology. In particular, for X =Y = S,
the composite
539005 Qme;r
QTS x Q*°F ——= QTETA*S — Q=S
is precisely the Kinneth product for S.
Proof. The Kiinneth map QX x Q®Y — Q>°(X AY) is characterized as the

adjoint to
X NEF I IPACX ATTO®Y - X AY.
The result follows by factoring e Aej> = (1A€]7) o (e A1) and taking adjoints. O
As a consequence, we have the following.

9.8. Lemma. The diagram

A& Aid

LS AXXOQ®S LEFO®S A TFO0®S

id /\egl J{fom

LS
LS v ¥

commutes, where m denotes the Kinneth product map 25 x Q*°S5 — Q>°S. (Re-
call the conventions described in §LIH for localization.)
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Proof. Consider the diagram

A& Aid
LS NEPQ®S = LYPAXS AXNTA*S
/\;OOQOCS

L(ZFQ®S) ——— LEQ®(2FQ>S)

Legl JszQmeg
At

LS a LYPO>=S.

The top square is just Proposition specialized to K = QS and Y = 5, and
so commutes. The bottom square commutes because A*: L — L3X°Q> is a nat-
ural transformation. The composite of the right-hand vertical maps is LX°m, by
Lemma [0.7] and therefore the outer rectangle is the desired square. O

9.9. Proof of Theorem [5.81 We must verify for v the identities (La) and (Lb) of
the definition of logarithmic element.

Proof of Theorem B3, property (La). We have that €™ = eo g, AT = Lyo ), and
qo~ =id; thus Led o A} = ids. O

Proof of Theorem @3], property (Lb). Apply R-homology to the commutative
square of Lemma 0.8 to get

R} (02°8) —Z R (28 x Q®S)

Rj (pt) ——— RH(2S).

On the bottom and left, the composite is  — 7(x) - v. On the top and right, the
composite is ¢ +— x o v. [l

10. LEVEL STRUCTURES AND THE COCHARACTER MAP

10.1. Morava E-theory. In this section, we fix a prime p and a height n > 1, a
perfect field k of characteristic p, and a height n formal group I'g over k. We let E
denote the Morava E-theory associated to the universal deformation I' of T'y.

10.2. Level structures. For a profinite abelian p-group M, we write
M* < hom™ (M, Q,/Z,),

where Q,/Z, is given the discrete topology, and we write M[p"] for the subgroup
of p"-torsion elements of M.

If F' is a formal group over a complete local ring R with maximal ideal mp, then
F(mpg) denotes the additive group with underlying set mp and group law given
by F. For a discrete abelian group A, a homomorphism f: A — F means a
homomorphism A — F(mpg) of abelian groups. The set of such homomorphisms is
denoted hom(A, F).
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10.3. Proposition. Let A be a finite abelian group.
(a) The O-module EYBA* is free and finitely generated over O. There are
natural isomorphisms
E°(BA* x X) ~ EYBA* ®p E°X
and
R®o EyBA* ~hom%®  (E°BA* R).
(b) Leti: O — R be a local homomorphism to a complete local ring R, classi-
fying a deformation F. Then there is a natural isomorphism
homgiﬂg(EOBA*7 R) = hom(A, F).
Proof. Part (a) is [HKRO0, 5.10 and 5.11], and part (b) is [HKRO0, 5.12]. O

We set O(hom(A,T)) def

A to a deformation of I'y.
A homomorphism f: A — F'is called a level structure if on the formal scheme
F over R one has the inequality of Cartier divisors

> (@] < Fly,

a€Alp]

EOBA*;

it carries the universal homomorphism from

where the left-hand side is over the elements of the p-torsion subgroup of A, and
the right-hand side denotes the divisor of the p-torsion subgroup of F'. In terms of
a coordinate T on F', this amounts to the condition that

I[ (T +rT(f(a)) divides [plp(T) in RT].
a€Alp]

Write level(A, F') for the set of level structures; note that by definition it is a subset
of hom(A, F).

10.4. Proposition. Fiz a deformation F of Iy, classified by the homomorphism
i: O — R.
(a) For each finite abelian group A, there exists a complete local ring over O,
denoted by O(level(A,T')), and natural bijections

homp_q14(O(level(A,T)), R) = level(A4, F).

The ring O(level(A,T)) is a quotient of O(hom(A,T)).

(b) If f: A — B is an inclusion of finite abelian groups, then there is an evident
natural transformation level(B, F) — level(A, F'). The map O(level(A,T"))
— O(level(B,T")) classifying the universal example of this transformation
1s finite and flat.

(¢) The invariant subring of the evident action of the group Aut((Z/p"Z)"™) on
O(level((Z/p™N)™),T') is exactly O.

Proof. Part (a) is [Str97, Proposition 22] or [AHS04] 10.14]. The existence of the
transformation of part (b) is clear. That the map classifying it is finite and flat is
[Str97, Theorem 34(ii)], while (c) is [Str97, Theorem 34(iii)]. O

Level structures enter topology in the statement of the character theorem of
[HKROO], though this point of view is not made explicit there. The most useful
references for level structures in the context of algebraic topology are [Str97), §7]
and [AHS04] §10].
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10.5. The cocharacter map. Fix A =~ Zy, so that A* ~ (Q,/Z,)". Write D, def

O(level(A*[p"],T)), and let D o U D;. The group GL(A) acts in a natural way

on each D, on the left, through the finite quotient GL(A/p"A), in such a way that
GL(A)

Dy ~ O.
Let G denote a finite group (not necessarily abelian). If M is any profinite

abelian p-group, we let Gy def hom®®(M, G) /G, where G acts by conjugation. In
the special case M = A it is called the set of generalized p-conjugacy classes.
There is an evident right action of GL(A) on Gj.

In [HKROO0], the authors define a character map, which is a ring homomorphism

xa: E°BG — map(Ga, D)™,

Their theorem [HKRO00, Thm. C] states that this becomes an isomorphism after
inverting p. It is more convenient for us to use a dual construction, which we call
a cocharacter map. The cocharacter map wg: GA — D ®0 EgBG is defined as
follows: An element x € G, is represented by some homomorphism f: A/p"A — G
for sufficiently large 7. There is a homomorphism E°BA/p"A — D,. C D classifying
the underlying homomorphism of the universal A/p”A-level structure. Write w, €
D ®p Ef BA/p"A for the homology class corresponding to this homomorphism by
Proposition [0.3l Then we define

we () Y f.(w,) € D®o E)BG.

One checks that this definition does not depend on the choice of r or f and that
the HKR character map is derived from the cocharacter map: the evaluation of xg
at a given x € G, is given by Kronecker pairing with wg ().

Recall that an element u € D ®p E§ X is grouplike if 7, (u) = 1 where 7: X —
%, and if A,(u) = u X u, where “x” denotes the external product, and A: X —
X x X is the diagonal.

10.6. Proposition.

(a) The image of wg is contained in the grouplike elements of D ® o E{ BG.

(b) Under the evident bijection (G x H)p =~ Gp X Hy, we have wexg(z,y) =
we(z) x wi (y).

(¢) The cocharacter map wg s equivariant with respect to the actions of GL(A)
on Gp and D.

(d) If H is a subgroup of G, and T: E§f BG — E{'BH denotes transfer, we

have
Twe(@)= Y  wala?),
gHE(G/H)=(™)
where x: A — G is a fixed representative of the generalized conjugacy class,
x29(N) oo g 'z(N)g, and (G/H)*™) is the subset of G/H fived by the image
z(A) CG.
Proof. For (a), it suffices to see that w, € D ® EJ BA/p"A is grouplike, which is a
consequence of Proposition [[0.3(a) and the fact that it is dual to a ring homomor-
phism E°BA/p"A — D.
The proofs of (b) and (c) are straightforward.
The equation of part (d) is proved in the same way as the transfer formula
for characters [HKR00, Theorem D]. (The statement of the HKR transfer formula
directly implies (d) modulo torsion, which is enough for our purposes.) O
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10.7. A congruence formula. Let i: O — O(level(A,T)) be the standard inclu-
sion, and let f: A — i*T" be the tautological level structure. Let Z(level(4,T")) C
O(level(A,T)) denote the ideal generated by the elements {T'(f(a))}qca, where T
is any coordinate for I'; the ideal does not depend on the choice of T

10.8. Proposition. Suppose A is a finite abelian p-group of rank 1 < r <n. Then
there is an isomorphism

O(level(A,T))/Z(level(A,T)) ~ O/(p, ..., ur—1),
and so Z(level(A,T)NO =~ (p,...,ur_1).

Proof. By construction, the O-algebra O(level(A,T"))/Z(level(A,T")) is universal for
level structures which are trivial homomorphisms. A deformation F of 'y admits at
most one such level structure, and one exists if and only if 77" divides [p]#(T). Thus
F admits such a trivial level structure if and only if ¢(ux) =0 for k =0,...,r — 1,
and we conclude that O(level(4,T))/Z(level(A,T)) =~ O/(p, ..., ur—1). O

10.9. Remark. As a special case of Proposition [I0.8] we see that any deformation of
[y to a ring with p = 0 admits a unique Z/p-level structure. I am indebted to Mike
Hopkins for pointing out this fact to me, which led to the proof of the congruence
in Proposition

Consider a finite subgroup V- C A*. Let S C A denote the kernel of the projection
dual to this inclusion:

0—-S—A—=V"—=0.

Thus S is an open subgroup of A. The inclusion V' C A* determines a homomor-
phism O(level(V,T')) — D, classifying the restriction of level structures.

10.10. Proposition. Let x,y € G, such that x|s = y|ls in Gg. Then
w(r) =w(y) mod Z(level(V,T)) - D ®0 E}BG.

Proof. Let T 2 Z(level(V,T)) - D. Let r be chosen sufficiently large such that
p"A C S, and such that z and y are represented by maps f,g: A/p"A — G. Tt
suffices to show, in

D ®o E)BA/p"A —" D/T ©0 E)BA/p"A +— DT @0 ELBS/prA,

D/I ® E)BG

that 7(w,) is in the image of j; given this, the result follows, because z|s = y|s
implies that f|g/,»a and g|g/,ra are conjugate by an element of G' and so induce
identical maps E) BS/p"A — E{ BG. Dualizing, we are asking that a dotted arrow
exist making the following a commutative square of rings:

E°BA/p"A —"— D

|

E°BS/p"A - — + D/T.
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The existence of such a dotted arrow is a tautology; it amounts to a factorization

0 v A* S* 0
|~
P 7
K
[(mp,z)
of a diagram of abelian groups. O

11. BURNSIDE RING ELEMENTS

11.1. The Morava E-theory of BY and Q5.
11.2. Proposition. For all k, E§) BXy, is a finitely generated, free O-module.

Proof. This is [Str98, Theorem 3.3]. O

11.3. Proposition. E{}Q>S is the completion of an infinitely generated free O-
module. It is flat over O, and thus in particular is p-torsion free. The union of the
images of the maps E{}{k} x B¥y — E;Q>S are dense.

Proof. Let f: BX — BY denote the map given by fr: BX,_1 — BXj. It is well

known that 2°°5 is stably equivalent to hocolim(BX ERNY; N ). Furthermore,
fr admits a stable retraction ¥°BY, — X°BY,_ 1 (the stable homotopy version
of a theorem of Dold [Dol62]). From this and Proposition [T.2] it is clear that
m(E A f71BY) is a free O-module for even k, and 0 for odd k. Thus E{;Q>S is
the m-adic completion of this free module. The flatness result follows from Lemma

T4 below. O

11.4. Lemma. Let A be a Noetherian commutative ring, I C A an ideal. Then the
I-adic completion of any free A-module is flat over A.

Proof. For a free module on one generator, this is well known; the usual proof (e.g.,
[AMG69, Prop. 10.14]) using the Artin—Rees lemma generalizes to give the lemma,
as we show below.

Let S be a set, and define a functor on A-modules by F(M) % (Bses M)?
We claim that

(i) F is exact on the full subcategory of finitely generated A-modules, and
(i) the evident map F(A)®@4 M — F(M) is an isomorphism when M is finitely
generated.

Then F(A)®4 — is exact on the full subcategory of finitely generated modules, and
thus F(A) is flat.

Recall the Artin—Rees lemma [AM69, Thm. 10.11]: given a finitely generated
module M and a submodule M’, there exists ¢ > 0 such that for all k > 0, I*+<M’ C
IFM N M’ C I*=°M’. Therefore the same is true when M and M’ are replaced
by @, M and @, M’. This implies (i), by [AM69, Cor. 10.3]. To prove (ii), note
that the map is an isomorphism if M is free and finitely generated, and therefore
surjective for all finitely generated M, using the exactness result (i). Since A is
Noetherian, (ii) follows by a 5-lemma argument. O
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11.5. The cocharacter map for BY. and Q°°S. As in 10 define the profinite
abelian group A def Ly, . Let Az (A) denote the set of isomorphism classes of discrete
continuous A-sets which have exactly k elements. We identify A, (A) ~ (3k)a: to
a generalized conjugacy class x: A — X associate X = X /Y, _1, regarded as a
A-set via x.

Let AT(A) Lef 1, A7 (A). The set A*(A) admits the structure of a semi-ring,
with addition and multiplication corresponding to coproduct and product of sets.
Let A(A) be the ring obtained from A™(A) by adjoining additive inverses; it is the
Burnside ring of A, isomorphic to the direct limit A(A/S) where S ranges over open
subgroups of A.

For the following proposition we need the notation introduced in §8.11

11.6. Proposition. The cocharacter maps (IOB) for symmetric groups fit together
to give a map
wt: AY(A) —» D ®o E}BX.

It is a homomorphism into the semi-ring of grouplike elements. That is, for x,y €
AT(A),
wh0)=1, w'(1)=[l], wi(z+y) =w'(2)w (), w’(zy) =w’(z)ow’(y).
If X is a transitive A-set, then wt([X]) is also primitive.

Furthermore, this map extends uniquely to a map

w: A(N) = D ®p E;Q®S

which is a homomorphism into the ring of grouplike elements in D ®o E{Q>S.
We have that for x € A(A),

T(w(z)) = d(),
where d: A(A) — Z is the ring homomorphism defined by d([X]) = #(XD).

The maps wt and w are GL(A)-equivariant, and so w induces a map A(A)
— BLO>S.

GL(A)

Proof. That w™ lands in the grouplike elements follows from Proposition [[0.6](a).
That it is a homomorphism of semi-rings follows from the fact that the operations
of sum and product on A*(A) are derived, using Proposition I0.6(b), from the
maps

(Zk)a % (Se)a ~ (Sk X B)a > (Skre)a
and

(Ze)a X (Se)a = (Sk X o) = (Zko)a,
which are also the origin of the product maps “” and “o”, as defined in 811 Sim-
ilarly, the additive and multiplicative units of A*(A) arise as the unique elements
of (Xo)a and (X1)a, respectively.

The primitivity of w™ ([X]) when X is transitive follows from [STOT, 4.3].

The map 7 is induced by the stable map BYj fransfer BYr 4 broj, pt. The

transfer formula in Proposition [[0.6[(d) gives
transfer(wy, (x)) = Z ws,_, (z9).
TE(k/Sk_1)"N)

The element wg(y) is always a grouplike element by Proposition [[0.6(a), and so
goes to 1 under the projection BG — pt. Under this projection, the element
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on the right-hand side of the equation becomes an integer, equal to the size of
(Sh/Sp_1)* ™) = XA

To extend w™ to w, note that the grouplike elements of D® E{Q> S are invertible
in the “” product, so we may set

def _
w([X] = [Y]) = w((X]) - w(YD™
The equivariance property follows from Proposition [[0.6(c). O

11.7. Power operations. Let A C A* be a finite subgroup of order p". Dualizing
gives a surjective homomorphism f: A — A*. Using this map, we can regard A* as
a set with a transitive A-action, and hence an element in the Burnside ring, denoted
s(A) € Aj-(A). We define ¢4: E°(X) — D ®0 E°(X) by ¢4 = 0Dy+(s(a))- Ac-
cording to the remarks of the previous section, s(A) is both grouplike and primitive,
and thus 14 is a ring homomorphism (though not an O-algebra homomorphism).
These operations coincide with the ones constructed by Ando [And95], though the
construction is not identical, since Ando did not have available to him the fact
that the Morava FE-theories are commutative S-algebras. Some discussion of these
operations is given in [AHS04].

12. CONSTRUCTION OF THE LOGARITHMIC ELEMENT

12.1. The element defined. We define a certain element e € A(A)“HM) as fol-
lows:

6*2?2 JpJ(J 1)/2

where

e]:i > /s

p]
pACSCA
A/S=(Z/p)’

This element e really lives in A(A) and not just A(A)®@Q, since 1+5(j —1)/2—j =
(J—1)(j —2)/2>0 when j > 0.
In this section, we will prove the following.

12.2. Proposition. The element w(e) is congruent to 1 modulo p in E;Q™S.

12.3. Proposition. Let m € Ef}Q°S such that 1 +p-m = w(e). The resulting

element
-1

- 1
v Z 1)k 1p ——mF = Zlogw(e)
k=1 p
is the logarithmic element for E.

12.4. Proof of the main theorem. We can now complete the proof of Theorem
[CT1 By Theorems B8 and @3] we have that £(a) = op,(«), where v is the
logarithmic element for E. From §81|a) and (c) we have that

Opu-‘ru/(a) = 0Py, (Oé) + OPy/ (O() and Opuu’(a) = 0Py (O()Opu/(Oé),

and so
o0

k—1
—1p
fo) = 31 o, (o)
The operation M of Theorem [[.TT]is simply op,,.
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By construction, the operation M satisfies the formula for 1 4+ pM given in the
statement of Theorem [LTIl We claim it is the unique such operation. It is clear
that the formula characterizes M up to p-torsion. Any operation E° — D ®@¢ E°
corresponds to an element of D @ E°Q*E. By, e.g., [BH04, Thm. 1.4], EfQ®FE
is a free E,-module in even degrees, whence D ®¢ E°Q*®E is torsion free, and thus
M must be the unique operation with this property.

12.5. Congruence for w(e). We use the notation of JIT.7l In these terms, using
Proposition [[T.6] we have

w@=TI( TI wtwn)

7=0 UCA*[;:_;]
|U|=p’

Recall that A*[p] = (Z/p)" C (Q/Z))™ = A*.
12.6. Proposition. In D ®@g E)Q>S we have the congruence
w(e) =1 mod Z(level(V,T)) - D ®p E{Q™S,
where V. C A*[p] is any subgroup which is isomorphic to Z/p.

Reduction of Proposition I2Z2] to Proposition I206l Let Z = Z(level(V,T')). By Pro-
position 0.8 we have an inclusion of short exact sequences

(71)jp(j*1)(3'*2)/2

0 pf T O/p0O ——0
0 D D D/ID ——0.

Tensoring with the flat module E)Q>S (see Proposition [[I.3]) preserves exact
sequences and monomorphisms. The element 1 — w(e) € D ®p EHQ™S lives in
E§Q>S by Proposition and lives in ZD ® E§Q*S by Proposition I2.6] and
so must be an element of pE{Q>S. O

12.7. Lemma. Consider a decomposition V @& V+ a A*[p] where V ~ Z/p; let
T = Ker(A — V*). Given a subgroup U C A*[p|, let U C V+ C A*[p] denote the
image of the projection of U to V. Then in AT (T),

s(U)|r = {p~s(U)|T iV CU.

As a consequence, we obtain the congruences

w(s(U) = {w(s(U» iV eu,

wip-s(U)) VU,
modulo the ideal Z(level(V,T)) - D ®o E{fQ>®S.

Proof. Let i: U — A* denote the given inclusion, and j: U — A* denote the map
factoring through the projection to U. By definition, i = j mod V, and so both i
and j define the same composite U — A* — T*. Dualizing, we see that i*|7 = j*|r,
viewed as maps T — A — U*.

If V ¢ U, then j*|r is surjective, whence s(U)|r = s(U)|r. If V C U, then j*|r
has cokernel isomorphic to Z/p, whence s(U)|7 = p - s(U)|r.

The congruences follow immediately from Proposition O
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Q

Proof of Proposition T2.6. Choose any decomposition V @ V+ ~ A*[p] with V
Z/p, as in the lemma. Let d(j) = (—1)7pU~1DU=2/2; note that d(j + 1) =
—d(j)p’~t. We have

=TI T wewn@=T[ I «ewn@ I ] «so)

7=0 UCA* [p] =0 VgU j=1 VU
|U|=p’ |U|=p’ |U|=p’

which by Lemma [[2.7 is congruent mod Z to

n—1 n
= H H H w(p - (7))
Jj=0 VgU j=1 VCU

n—1 n
= H w(s(W))4@r’ . H H w(s(W))4@p
J=0wcv+t =1 wcv+
|W|=p’ [W|=p’~*
n—1
= H w(s(W)) @@’ +dGi+1p
J=0wcvt
|W|=p’
Since the exponents are always 0, the expression reduces to 1. O

12.8. Mobius functions and the logarithmic element property. It remains
to show that the element v of (I2.6)) is in fact a logarithmic element. To do this, we
first show that e/p € A(A) ® Q is the idempotent associated to the augmentation
d: A(A) — Z sending d([X]) = # XA
We recall the theory of idempotents in a Burnside ring [GIu81], in the special
case when the group is finite abelian. Thus, let G be a finite abelian group and
A(G) its Burnside ring. The Mé&bius function of G is the unique function peg defined
on pairs C' C B of subgroups of G, characterized by the property that
> ue(0.B) = {; fazn
ACCCB ’
where the sum is over all subgroups C' contained in B and containing A. Then the
elements
def /J/G G/B]EA( )®Q
2 FGD) e
as A ranges over the subgroups of G are the primitive idempotents of A(G) ® Q
[GIu81l p. 65], and furthermore,

yea = da(y)ea,
where d4: A(G) — Z is given by da([X]) = #(X4).
Set e = (0, Q). Since the value of ug(C, B) really only depends on the poset
of subgroups of G between C' and B, we see that uc(C, B) = up/c, and that ug

only depends on the isomorphism class of G. The following lemma calculates w4
for all abelian A.
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12.9. Lemma. Let A be a finite abelian group.

(1) If A = [[ A, where the A, are p-groups for distinct primes, then pa =
[Tra,-

(2) If A is elementary p-abelian of rank j > 0, then ps = (—1)7pI=1/2,

(3) If A is a p-group but not elementary p-abelian, then uy = 0.

Proof. Part (1) is straightforward.
To prove part (2), note that it amounts to the identity [Shi71, Lemma 3.23)

Z(—l)jpj(j—l)ﬂ[n} _J1 itn=0,
Jl, 0 ifn>0,

=0

where m b= Hg;& ((f) ::}f )) is the Gaussian binomial coefficient, which is the number
of elementary abelian subgroups of rank j inside (Z/p)™.

We prove part (3) by induction on the size of A. We have for A nontrivial that
pa = — aop B, where the sum is taken over proper subgroups of A. A proper
subgroup B ng A is one of two types: (a) it is an elementary abelian p-group, or
(b) it isn’t. For (a), such B are exactly the subgroups of A[p] C A, the subgroup of
p-torsion elements, and }_ 4,15 wp = 0, since A[p] # 0. For (b), we have pip =0

by induction. O

For » > 1, the elements e, def ex/pra € A(A/p"A) ® Q are idempotents, and the
homomorphisms A(A/p"™A) @ Q — A(A/p"T*A) ® Q carry e, to e,i1, as can be
seen from the explicit formula for these elements together with Lemma Thus
the limiting element ey, € A(A) ® Q of this sequence is an idempotent in this ring,
with [X]eso = d([X])eco, where d([X]) = #(X ). By Lemma [[2Z.9] we see that the
element e defined in §12.11is equal to pes,, and thus we obtain
12.10. Proposition. In A(A) we have

(a) d(e) = p, and
(b) for ally € A(A), ye = d(y)e.
12.11. Proof of the logarithmic element property.

12.12. Lemma. Let o € D ®0 E{Q™S be an element of the form o = 1+ pf3, and
def _1p"* _
let log(a) = Ek21(_1)k LB gkt
(a) We have that

(@)

(log(a)) = ~ 5.

(b) Ifw € D ®p E§Q®S is a grouplike element, then
w o log(a) = log(w o ).

Proof. First, note that the operations 7, 7, and o on D ®¢ E{'(—) are continuous
with respect to the maximal ideal topology, since they are induced by maps of
spectra.
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“n

To prove (a), recall that 7 is a derivation ([8T])(1) with respect to the
so that 7(8%) = k7(8)7(3)*~!. Thus

k k
rlog(a)) =7 [ Yo (-1 B | = D (- Er(8h)

k>1 k>1

=3 (=18 (8) = 7(B) (1 +pB) !

k>1

product,

To prove (b), recall that if w is grouplike, then w o (=) is a homomorphism of
D-algebras (81))(i). Thus,

wolog(a) = wo Z(—l)’“’l%kﬁ’“

k>1

= Z woﬂ) = log(1 + p(w o B)) = log(w o ).

k>1
O

Proof of Proposition [12.3. We are going to prove that v = (1/p)logw(e) is a loga-
rithmic element. We have that

1 17(w(e)) _ ld(e) _p
Tl TGy Tr T
using Lemma [[2.12)(a), Proposition [[T.6] and Proposition [[2.10(a). This proves
(La) of the logarithmic element property, that 7(v) = 1.

Now we need to prove (Lb): that x o v = 7(z)v for all z € E)Q>°S. The union
of the images of Ej{k} x BX, — E{Q>S is dense, with respect to the maximal
ideal topology, by Proposition [T.3l Thus it suffices to prove (Lb) for those 2 which
are in the image of one of these maps. It is enough to do this after a faithfully
flat base change to D. Now, E;Q°S is p-torsion free, and by the HKR theorem,
p~'D® E} BY,, is spanned by elements in the image of the cocharacter map. Thus,
it suffices to check (Lb) when = = w(y) for any y € A(A).

So let y € A(A). We have that

w(y) o }19 log w(e) = %log(w(y) o w(e)) by Lemma TZTX(b),

1 1
= ];logw(ye) = ]—?logw(d(y)e) by Proposition TZT0(b),

1
= Zlogw(e)?W = ) log w(e)
p p

1
= T(W(y))z—j logw(e) by Proposition
Thus w(y) o v = 7(w(y))v, as desired. O

13. THE LOGARITHM FOR K (1)-LOCAL RING SPECTRA

In this section, we describe the structure of moLg(1)XQ°S (completely at
an odd prime, and modulo torsion at the prime 2), outline its relation to power
operations on K (1)-local commutative ring spectra, and give a proof of Theorem
.9



1008 CHARLES REZK

13.1. The p-adic K-theory of some spaces. We recall results on the p-completed
K-homology of 25, due to [Hod72]. We have that

K{ (B Zy) ~ homeis(REm, Zy),

where RY,, is the complex representation ring, topologized with respect to the
ideal of representation of virtual dimension 0. Furthermore

K(/)\(BZ, Zp) ~ (Z[@o, @1, @2, e ]);\
The elements Oy, k > 0, are characterized implicitly by Witt polynomials

Wk = Z pi(_:)f]7
itj=k
where W), € Ko(BX,x;Z,) is the element corresponding to the continuous homo-
morphism RY,» — Z;, defined by evaluation of characters on an element g € ¥,
which is a cycle of length p*.
Thus

K{(Q°8;Z,) ~ (Z[0F,01,02,...])).

Since Wy, = W¢ * mod pK{ BX, the elements W}, become invertible in K§'Q>S.
The cocharacter map wt: A(Z,) — K{(BX;Z,)*™ sends [Z,/p"] to Wi. The
operation corresponding to Wy is the Adams operation W’k.
According to Proposition [[2.3] the logarithmic element for KI’)\ is

1 1, wr 1 1 pFt ek
p loswll] = [2/p]) = Jlog 7 = ~log 15, k§>1j< o

13.2. The K(1)-local homotopy of BY and Q2°°S. Recall that if X is a spec-
trum, then there are cofibration sequences

YKONX = KOANX - KANX

and

1)Aid

)\7
LX > L(KAX) YN LA X)) ifp > 2,

and
(¥ =1)Aid .
LX - L(KOANX) —— L(KOAX) ifp=2,
where A € Z (respectively, A € Zy /{£1}) is a topological generator. In particular,
we have that
Z ifp>2
LgmyS=<" ’
oK {Zg[x]/(x2, 21) if p=2,

where 2 comes from the nontrivial element of 7 KO =~ Z/2.

13.3. Proposition. Let f denote either of the Hurewicz maps moLX°BYy —
K{BYy, or myLX0>®S — K§Q>S. The map f is an isomorphism if p is odd,
while if p = 2 it is surjective, and its kernel is the ideal generated by x € my LS.

Proof. This follows from the cofibration sequences mentioned above, together with
the fact that the Adams operations *, for A € Z,, act as the identity map on

KBSy Z,). O
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13.4. The proof of Theorem Let R be any K(1)-local commutative S-
algebra satisfying the technical condition described in §I.8] By the above proposi-
tion, there is a natural factorization i: KJ'Q>°S — RjQ°S of the map mg LY Q>S
— RHQ>=S. Define power operations in R-theory by
def def
= OPi(w,) = OPj(er4po,) and 0 = OPj(6,)-

There is an identity ¢ (x) = 2P + pf(z), and 1) is a ring homomorphism.

The derivation of Theorem is now straightforward, since the logarithmic
element for R must be the image under ¢ of the logarithmic element for K, since
both are the image of the logarithmic element for LS.

13.5. Exponential maps for K-theory and KO-theory. The logarithm maps
gl (K)') — K» and gl,(KO;) — KO, are seen to be weak equivalences on 3-
connected covers in the first case, and 1-connected covers in the second. In other
words, the logarithm admits inverse “exponential” maps

e: KSU(X;Z,) — (1+ KSU(X;Z,))
and
e: KSO(X;Z,) — 1+ KSO(X;Zy,))™,
where KSU(—;Z,) and KSO(—;Z,) denote the cohomology theories defined by

these connective covers. Let 6x: K°(X;Z,) — K°(X;Z,) denote the operation
corresponding to the element O € Ké\szk described above, so that we have

Wa) =Y ()
iti=k
13.6. Proposition. The exponential maps in K-thoery and KO-theory are both
given by the formula

(@) =[x | 322"}
1=0

j
i—o P

pk
which converges p-adically. Formally this equals exp ( o L pk(a)>.
Proof. We give the proof for K-theory; at the end, we indicate the changes needed
for KO-theory.

Let f(T) e exp(d_o0 Tp]) € Zy[T] be the Artin-Hasse exponential. We

§=0 pi

will define a map e by e(a) e [1:2y f(0i(r)). We will show below that this
expression converges for o € KSU(X;Z,) when X is a finite complex. It is then
straightforward to check that ¢(e(a)) = « for any a € KSU(X;Z,) where X
is a finite complex. The representing space for KSU(—;Z,) is BSU];\; the set
KSU(BSU);Z,) = lim KSU(X;Z,) as X ranges over finite subcomplexes, and
thus we can verify the identity £ o e = id on the universal example, which proves
that e is the desired inverse.

Suppose we are given a CW-model |JX; = X. Let I e ker[K(X;Z,) —
K(Xi—1;Zy)]; the Ii’s give a filtration of K(X;Z,) by ideals such that IjI» C
Ijyrr. We have that KSU(X;Z,) = I,. Since the 6; are natural operations, and
0;(0) = 0, they preserve the ideals Ij; in particular, 0;(14) C I4. Since X is finite,
I, = 0 for k sufficiently large, and so for a € I each expression f(6;(«)) is actually
a finite sum, contained in 1 + I,.
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We now show that 6;(a) — 0 as i — oo in the p-adic topology. Since I, has a
finite filtration by the I;’s, it suffices to do this one filtration quotient at a time.
By the Atiyah—Hirzebruch spectral sequence, this amounts to a calculation on the
reduced K-theory of spheres. Thus, It,/I;—1 = 0if k is odd, and 6;(a) = pik/2=1) g
for a € Ik/z/Ik/Q,l if k£ is even and k > 0. In particular, for o € Iy, k > 4, we see
that the sequence 6;(a)) mod Ij41 approaches 0 p-adically.

It follows that f(f;(a))) — 1 as ¢ — oo, and therefore the infinite product con-
verges.

The argument for KO-theory is almost the same, except for the calculations
on filtration quotients. Here the additional observation is that 6;(«) = 0 for o €
I /I.—1, for all k such that K > 2 and k = 1,2 mod 8 (but not when k=1). O

13.7. Exponential operations of Atiyah—Segal. In [AST7I], the authors con-
struct explicit exponential maps on K-theory and KO-theory completed at some
prime p. Their construction starts with the observation that on any A-ring R, the
operator A;: R — R[t] given by Ay(z) = > .o A (2)t" is exponential. By setting
t to particular values « € Z,, one can sometimes obtain series which converge
p-adically, on some subsets of suitable p-adic A-rings R. In this way, Atiyah and
Segal can piece together exponential operations and construct an exponential iso-
morphism for KO-theory (though not for K-theory). Their construction involves
arbitrary choices and leads to an operation which is not infinite-loop.

To compare our construction with theirs, we note that in a A-ring we can set
Si(x) = (A_¢(x))~!; the operators s' defined by Si(z) = .5, s"(x)t" correspond
to taking symmetric powers of bundles. Adams operations are related to S; by the
equation

Si(x) = exp Z %(x)tm .

m>1

Thus, our exponential operator is a kind of “p-typicalization” of the symmetric
powers, evaluated at t = 1.

14. THE ACTION OF HECKE OPERATORS ON MORAVA E-THEORY

We give a quick and dirty exposition of a fact which does not seem to be proved
in the literature, but should be well known; namely, that the Morava FE-theory of
a space carries an action by an algebra of Hecke operators.

14.1. Hecke operators. Let A be a monoid, and I' C A a subgroup. Define
H = homgza) (Z[A/T], Z[A/TT)

where Z[A] denotes the monoid ring of A, and Z[A/T] is the left-Z[A]-module
spanned by cosets. If M is a left Z[A]-module, then the I-invariants M' are
naturally a left H-module.

Consider two examples:

(a) the algebra H = H,, associated to A = End(Z") N GL,(Q) and T =
GL,(Z);

(b) the algebra H = M, ,, associated to A = End(Z}) N GL,(Q,) and I' =
GL,(Zp).
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In either case, H has a basis which is in one-to-one correspondence with double
cosets I'\A/T"; a double coset I'zI" corresponds to the unique endomorphism Trar
of Z[A/T'] which sends 1 — > [yI'], where y ranges over representatives of the finite
set Txl'/T. In these terms, H,, is the same as the Hecke ring for GL,, as described
for instance in [Shi71l Ch. 3]. One sees also that

H'n,p ~ Z[Tl,pv e 7Tn’p] and Hn ~ ®H’n,pv
p

where Tj,p corresponds to the double coset of the diagonal matrix which has p in j
entries and 1 in the other n — j entries.

14.2. Morava E-theory is a module over H, ,. We want to show that the
algebra H,, , acts on the functor X — EY(X), where E is a Morava E-theory of
height n. (Warning: this only agrees up to a scalar with the action described in
L1721 see Y143 below.) Let A = Zp. The right cosets A/T" are in one-to-one
correspondence with open subgroups of A, by zI" — xA C A. The sum

> wh([A/yA]) € D ® B BY,

where y ranges over representatives of T'azl'/T’, is invariant under the action of
GL(A) on AT(A) and so lives in Ej BY, by Proposition TT.Bl We define

Yror: F°X — E°X
to be the operation associated to this class. In terms of the notation used in §IT.7]
we have i 0 Yr,r = Y 14, where i: E°X — D ®p E°X is the evident inclusion (D

is faithfully flat over O), and the sum is over all finite subgroups A C A* such that
ker(A — A*) = yA for some y € 'zl

14.3. Proposition. The assignment Tpmp — Yr,r makes E°X into an Hop-
module.

This is a statement about compositions of the additive cohomology operations
Yrer. We will prove it by reducing to results about the composition of certain ring
operations, proved in [AHS04, App. B].

14.4. Lemma. For each x € A there is a ring homomorphism
y: D ®o E°X — D®p E°X
natural in X, with the following properties.
(a) Ifx € T = GL(A), then v, acts on D®o E°X purely through the D-factor,
via the action of GL(A) on D described in §10.5.
(b) Under the inclusion i: E°X — D ®0 E°X, we have ¢, oi = 14, where
A C A* is the kernel of the adjoint x*: A* — A* to x.
(¢) If X is a finite product of copies of CP™, then x +— 1), gives an action of
the monoid A on D @0 E°X.

Proof. Given = € A, consider the following diagram of formal groups and level
structures over D:

A s ATy px

{ P

*T —f>j*F.
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Here T is the universal deformation formal group over O, i: O — D is the usual
inclusion, A = kerz*, f is an isogeny with kernel ¢(A), such that modulo the
maximal ideal of D, f reduces to a power of Frobenius. Therefore the codomain
of f is a deformation of I'y to D, classified by a map j: O — D. There is a
commutative diagram

D+——— 0 =E%pt) —— E°(X)

T, b |

D=D®p E’(pt) —— D®p E°X

where 14 is the operation associated to A as in §I1.74 On the cohomology of a
point, the map ¥4: O — D equals j. The map labeled y; is the map classifying
the pair consisting of the formal group j*I" over D and the level structure ¢'. We
define

Yyt D®o E°X - D®p E°X by 2@y xe(z)va(y).

Properties (a) and (b) are immediate. Property (c) is proved by the arguments
of [AHS04, App. B] when X = pt or X = CP*; since the 1, act as ring homo-
morphisms, they are compatible with Kiinneth isomorphisms, and so property (c)
holds for finite products of projective spaces. O

Proof of Proposition [I4.3. We first show that the cohomology operations ¥r.r
make E°X into a H,, p-module when X is a finite product of complex projective
spaces, and hence when X is a finite product of CP*’s. Since F is a Landweber
exact theory, the result of [Kas94, Thm. 4.2] applies to show the desired result.
Parts (a) and (c) of Lemma [[44] show that the action of A on D ®p E°X
descends to an action of H,,, on (D ®o E°X)Y. Then (b) shows that the action
of an operator ¥, on E°X as defined above coincides with this action of Hup
under the inclusion i: E°X — (D ®p E°X)T. O

14.5. Renormalized operators. Setting 7}, def (1/pj)Tj7p, we obtain the oper-
ators described in 1,121 Because of the denominators, this only gives an action of
Hnp on p~ 1 E°X. We introduce this apparently awkward renormalization because
it coincides with the usual normalization of Hecke operators acting on classical
modular forms.
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